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vRe´sume´
L’objectif de cette the`se est d’e´tudier l’effet sur l’e´coulement atmosphe´rique de
grande e´chelle, du de´ferlement des ondes de gravite´ de montagne a` des niveaux cri-
tiques. L’ide´e sous-jacente est la prise en compte de cet effet dans les parame´trisations
des effets montagneux, et notamment l’impact en terme de cycloge´ne`se de montagne.
L’approche est the´orique, et repose sur la production de vorticite´ potentielle dans le
cadre du proble`me de Eady.
D’abord, l’effet sur les e´chelles synoptiques est e´value´ dans le cadre d’un mode`le
semi-ge´ostrophique line´aire, force´ par une force parame´trise´e ge´ne´re´e par une orogra-
phie d’e´chelle sous-maille isole´e, ide´alise´e ou re´aliste. Il est montre´ que l’influence est
cyclolytique dans le cas d’un front froid, et cycloge´ne´tique pour un front chaud.
Ensuite la dynamique 2D comple`te non line´aire est aborde´e a` l’aide d’un mode`le
aux e´quations primitives ane´lastiques.
La croissance line´aire et non line´aire des modes instables non-ge´ostrophiques, couplant
une onde de Eady de surface partiellement e´quilibre´e a` une onde d’inertie-gravite´ de
meˆme e´chelle, est e´tudie´e en tant que point de de´part pour la description de la re´ponse
force´e aux e´chelles sous-synoptiques.
L’effet des ondes de montagne sur ces e´chelles est ensuite analyse´ et quantifie´ a` partir
d’une parame´trisation, ou d’un forc¸age direct par une topographie ide´alise´e. A ces
e´chelles, la re´ponse non e´quilibre´e est d’amplitude comparable a` la partie e´quilibre´e.
Elle contient notamment des ondes d’inertie-gravite´ longues qui sont soit couple´es
aux ondes de Eady de surface sous forme de modes non-ge´ostrophiques, soit ge´ne´re´es
spontane´ment sous forme de trains d’ondes par l’e´coulement e´quilibre´ associe´ au dipole
de vorticite´ potentielle. L’e´tude des me´canismes de saturation non line´aire permet de
conclure sur l’amplitude attendue pour ces re´ponses, qui s’ave`re relativement faible
mais significative.
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Abstract
The aim of this thesis is to study the effect of mountain gravity waves breaking at
critical levels, upon the atmospheric large scale flow. This question arises in the context
of the improvement of the subgrid scale orographic parameterizations, and the need
to further understand the phenomenology linked to lee cyclogenesis. The approach is
theoretical, and relies on the conceptual framework of potential vorticity production
in the Eady problem.
First, the effect upon the synoptic scales is evaluated by forcing a linear semi-
geostrophic Eady problem with a parameterized force, which corresponds to an idea-
lized or realistic subgrid scale orography. It is shown that the effect is cyclolytic for a
cold front and cyclogenetic for a warm front.
Then, the complete nonlinear 2D dynamics is studied within the anelastic primitive
equations framework.
First, the linear and nonlinear growth of unstable non geostrophic modes, which couple
a partially balanced surface Eady wave with an inertia-gravity wave of the same scale,
is studied as a starting point to describe the sub-synoptic scale response to the forcing.
Second, the complete response to the mountain gravity wave forcing is analysed and
quantified, by means of a parameterization or a direct forcing by an idealized subgrid
scale orography. At these scales, unbalanced and balanced responses have a comparable
amplitude. This response notably contains large scale inertia-gravity waves which are
either coupled to the surface Eady waves, either spontanously generated in the form
of wave trains by the balanced flow associated to the potential vorticity dipole. The
study of the nonlinear saturation mechanisms allow to conclude about the expectable
amplitude of these responses, which turn out to be rather weak but significant.
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Chapitre 1
Introduction
1.1 Me´te´orologie de montagne
L’ide´e que les montagnes peuvent influencer la me´te´orologie et le climat est aussi
vieille que la me´te´orologie elle-meˆme. De´ja` Aristote, dans son ouvrage Meteorologica
date´ de 340 av. JC, supposait que les montagnes controˆlent la hauteur des nuages.
Meˆme si cette vision du nuage naissant a` la cime des montagnes peut aujourd’hui
paraˆıtre na¨ıve, il est cependant exact que de fac¸on ge´ne´rale les montagnes peuvent
participer de fac¸on pre´ponde´rante a` la ge´ne´ration de formations nuageuses et de
pre´cipitations de formes multiples, par des me´canismes qui varient selon l’environne-
ment (latitude, position par rapport aux oce´ans, e´chelles conside´re´es, topographie1...).
En 1648, Pascal mesurait au Puy-de-Dome la de´croissance verticale de la pression at-
mosphe´rique duˆe a` la compressibilite´ de l’air. Cette expe´rience a le me´rite de nous
rappeler que les montagnes ont toutes les chances d’influencer le climat terrestre dans
la mesure ou` les plus grandes d’entre elles (8.8km d’altitude pour l’Himalaya) ont
une hauteur comparable a` l’e´chelle caracte´ristique de variation de densite´ de l’at-
mosphe`re2 (8.5km). Autrement dit, meˆme si a` l’e´chelle du rayon terrestre la sphe´ricite´
de l’enveloppe solide est presque parfaite, l’atmosphe`re est suffisamment fine pour
eˆtre conside´rablement contrainte dans son e´coulement par les massifs montagneux,
au moins dans sa couche infe´rieure la plus dense, la troposphe`re. Cet argument est
aussi valable pour les oce´ans, mais nous nous cantonnerons aux effets atmosphe´riques.
En guise d’illustration, la Fig. 1.1 pre´sente une vue ombre´e de la surface continentale
terrestre, telle qu’elle est vue par les donne´es GLOBE3 (Global Land One-km Based
Elevation), fournies par le NGDC (National Geophysical Data Center) de la NOAA
(National Oceanic and Atmospheric Administration, Etats-Unis).
1.1.1 Les quatre ingre´dients de la me´te´orologie de montagne
L’effet climatique montagneux le plus e´vident est sans doute lie´ a` la de´croissance
des tempe´ratures avec l’altitude. C’est un point essentiel, qui sous-tend en re´alite´ une
1En toute rigueur, le mot topographie recouvre tout ce qui caracte´rise l’e´tat de surface du sol,
dont son e´le´vation au dessus du niveau de la mer, alors que le terme orographie se re´duit strictement
a` l’e´le´vation, faisant re´fe´rence a` la repre´sentation des montagnes dans les mode`les. Par la suite, la
distinction ne sera jamais ne´cessaire dans cette the`se, donc nous utiliserons indiffe´remment les deux
termes, selon l’usage courant.
2c’est-a`-dire la hauteur qu’elle aurait si sa densite´ e´tait constante avec l’altitude.
3http ://www.ngdc.noaa.gov/mgg/topo/topo.html
2 Introduction
Fig. 1.1 – Vue ombre´e des donne´es topographiques GLOBE, fournies par le NGDC.
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grande partie des effets montagneux, et pas seulement les effets locaux (on peut penser
au roˆle des glaciers sur le climat global par exemple). Mais pour comprendre la diversite´
des phe´nome`nes me´te´orologiques et climatiques lie´s a` la pre´sence des montagnes, et le
fait que cette influence se ressent quasiment a` toutes les e´chelles de temps et d’espace
sur la plane`te, on peut appre´hender les choses a` travers quatre ingre´dients physiques
de base.
Les deux premiers sont me´caniques, lie´s aux deux principales forces de rappel qui
inte´ressent le dynamicien des fluides ge´ophysiques : la force de Coriolis et la force
d’Archime`de.
Aux grandes e´chelles horizontales, la force de Coriolis peut jouer le roˆle de force de
rappel graˆce a` l’existence du gradient me´ridien de vorticite´ plane´taire, qui lui meˆme
est duˆ a` la sphe´ricite´ de la Terre. En effet, les montagnes induisent une compression-
de´compression des colonnes de fluide qui s’e´coulent sur elles. Par conservation du
tourbillon potentiel (analogue a` celle du moment cine´tique en physique du solide),
cela induit des mouvements horizontaux oscillant latitudinalement, appele´s ondes de
Rossby (Rossby et al. 1939, Rossby 1940, Rossby 1949). Par cet effet notamment,
les grandes chaˆınes montagneuses de l’he´misphe`re sont connues pour forcer des ondes
plane´taires (5000 a` 20000km) stationnaires qui modulent significativement la climato-
logie re´gionale aux moyennes latitudes (Charney et Eliassen 1949, Bolin 1950, Hoskins
et Karoly 1981), ainsi que des ondes plane´taires libres (Salby 1984, Madden 2007). Ces
effets ont e´te´ revisite´s plus re´cemment en introduisant des phe´nome`nes nonline´aires.
Il a ainsi e´te´ propose´ que les montagnes jouent un roˆle important sur la variabilite´
basse-fre´quence aux moyennes et hautes latitudes (Charney et De Vore 1979, Legras
et Ghil 1985, Yoden 1985, Lott et al. 2005).
A des e´chelles un peu plus courtes (1000km) qualifie´es de synoptiques, nous verrons
que les ondes de Eady, qui s’apparentent d’un point de vue dynamique a` des ondes de
Rossby, jouent aussi un roˆle dans la cycloge´ne`se de montagne (section 1.3).
A des e´chelles 100 fois plus petites (10km), qualifie´es de me´so-e´chelles, c’est main-
tenant la force d’Archime`de qui est dominante. Elle intervient parce que l’atmosphe`re
est en moyenne stratifie´e en densite´ de fac¸on stable, le fluide e´tant d’autant plus le´ger
qu’il est e´leve´. Ainsi, la force d’Archime`de tend a` s’opposer aux mouvements verticaux
qui conduisent a` me´langer du fluide dense a` du moins dense, ou inversement. En tant
que force de rappel, elle donne alors naissance a` des oscillations verticales relativement
rapides (pe´riode propre de 10 min dans la troposphe`re, moins dans la stratosphe`re)
et permet la propagation d’ondes. C’est pourquoi la montagne, qui en pre´sence d’un
vent horizontal impose un mouvement d’ascension, peut voir son influence se propa-
ger verticalement et horizontalement a` relativement grande distance, sous la forme d’
ondes de montagne (Queney 1948, Scorer 1949, Smith 1979a). Nous de´velopperons
abondamment ce sujet dans la prochaˆıne section.
Remarquons toutefois de`s maintenant qu’entre les e´chelles synoptiques pre´ce´dentes,
et les me´so-e´chelles, les mouvements d’e´chelle sous-synoptiques (100km) combinent na-
turellement les effets oscillatoires lie´s a` la rotation terrestre et a` la stratification. Au
cours de cette the`se, nous porterons un inte´reˆt particulier a` ce domaine interme´diaire.
Par contre, aux tre`s petites e´chelles, infe´rieures a` 10 km typiquement, les me´canismes
ondulatoires pre´ce´dents ne fonctionnent plus. Certains vents de bas niveau re´sultent
alors prioritairement de l’interaction entre les irre´gularite´s du terrain et la circulation
a` plus grande e´chelle (gaps winds, channel winds).
Les deux derniers ingre´dients de la me´te´orologie de montagne sont thermodyna-
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miques, lie´s pour l’un a` la pre´sence de vapeur d’eau dans l’air, et l’autre au rayonnement
solaire.
Puisque la montagne est susceptible de permettre une ascension de l’air, celui-ci se
refroidit par de´tente adiabatique et peut donner lieu a` la condensation de la vapeur.
Outre l’effet me´te´orologique attendu que sont les pre´cipitations d’origine orographique,
l’existence d’un changement de phase de la vapeur d’eau modifie la dynamique ”se`che”
en jouant sur la densite´ des parcelles de fluide. Dans cette the`se cependant, nous ne
nous inte´resserons pas a` ces complications. Nous nous cantonnerons ainsi aux effets dy-
namiques secs, bien que l’influence de la vapeur d’eau soit bien souvent non ne´gligeable.
La compre´hension des me´canismes de pre´cipitations orographiques est aujourd’hui un
domaine a` part entie`re, qui fait l’objet d’intenses recherches (Rotunno et Houze, 2007).
Cependant, une compre´hension solide et fine de la dynamique se`che est bien souvent
un pre´alable a` la compre´hension des phe´nome`nes de pre´cipitation orographique.
Enfin, concernant l’insolation, l’inclinaison variable du terrain module localement
l’apport d’e´nergie solaire, ce qui produit des he´te´roge´ne´¨ıte´s climatiques importantes a`
petite e´chelle spatiale (visibles dans la ve´ge´tation par exemple), ainsi que des va-
riations temporelles diurnes et saisonnie`res. Plus ge´ne´ralement, une grande partie
des phe´nome`nes me´te´orologiques montagneux est imputable au lien intime entre le
cycle de l’eau et l’insolation, notamment en pre´sence de couvert neigeux. En effet, les
diffe´rentiels thermiques engendrent des circulations locales re´gulie`res contraintes par le
terrain et par le cycle diurne (vents katabatiques, brises diurnes de pente et de valle´e),
qui modulent e´ventuellement les pre´cipitations (Smith 1979a, Whiteman 2000). A des
e´chelles de temps et d’espace plus grandes, la pre´sence de glaciers sur les montagnes est
un facteur de´terminant du climat global et re´gional de la plane`te, a` travers le roˆle joue´
par l’albe´do notamment, mais aussi l’influence sur les re´gimes de temps ou le pie´geage
de la vapeur d’eau. En te´moignent par exemple les effets du glacier des Laurentides
a` l’Est du Canada sur le climat nord-ame´ricain, ou celui du Groe¨nland sur le climat
nord-atlantique (Smith 2003, Whiteman 2000).
1.1.2 La force exerce´e par les montagnes
Le fait que l’e´coulement de l’atmosphe`re sur les montagnes puisse ge´ne´rer des ondes,
qui transportent de la quantite´ de mouvement, a une conse´quence me´canique fon-
damentale : les montagnes induisent une modification de la quantite´ de mouvement
du fluide. Par principe d’action-re´action, les montagnes exercent donc localement des
forces sur l’atmosphe`re (Eliassen et Palm, 1961), qui re´sultent globalement en un couple
exerce´ par la Terre solide sur l’atmosphe`re. Notons que des phe´nome`nes analogues se
produisent dans l’oce´an. Cela peut se comprendre simplement en re´alisant que graˆce a`
l’inclinaison du sol, la force de pression de surface admet une composante horizontale.
Par ce biais, les montagnes ont donc un moyen d’action sur l’e´coulement a` des e´chelles
de temps et d’espace varie´es. Nous de´velopperons largement ce point dans la suite
en ce qui concerne l’effet des ondes de montagne (section 1.2), dans la mesure ou` il
sous-tend toute cette the`se.
Signalons toutefois quelques re´sultats re´cents illustrant l’effet global des forces
exerce´es par les montagnes aux e´chelles plane´taires, e´chelles que nous n’e´tudierons
pas dans cette the`se. Des liens ont e´te´ d’abord mis en e´vidence par Lejena¨s et Madden
(2000) entre les ondes de Rossby, le couple des montagnes et le moment cine´tique de
l’atmosphe`re, dans la bande de pe´riodes de 6 a` 15 jours. Plus re´cemment, le couplage
du moment cine´tique de masse avec le couple des montagnes a e´te´ mis en e´vidence
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dans les pe´riodes infe´rieures a` 50 jours. Son roˆle est significatif sur la dynamique du
signal dominant de la variabilite´ basse fre´quence aux moyennes et hautes latitudes
de l’he´misphe`re nord, a` savoir l’Oscillation Arctique (AO) (Lott et al. 2004, Lott
et D’Andrea 2005). Enfin, des effets de ce meˆme couple sur les ondes de mare´e ont
re´cemment e´te´ mis en e´vidence aux fre´quences semi-diurne et diurne (Lott et al. 2007).
Dans la suite de cette introduction, nous pre´senterons d’abord de fac¸on simple
les ondes de montagne et les concepts importants qui leurs sont rattache´s, puis nous
expliquerons comment elles agissent sur la circulation atmosphe´rique de grande e´chelle.
Ensuite, nous tenteront de de´finir la proble´matique de la cycloge´ne`se de montagne, et
son e´volution jusqu’a` nos jours. Enfin, nous donnerons un aperc¸u de la parame´trisation
des ondes de montagne depuis ses de´buts jusqu’a` nos jours.
6 Introduction
1.2 Ondes de montagne
1.2.1 Structure des ondes de montagne
L’appellation “onde de montagne” fait en re´alite´ re´fe´rence a` une Onde de Gravite´
(OG) relativement stationnaire ge´ne´re´e par l’action du vent sur le relief. La pre´sence
de ces ondes se signale parfois par des signatures nuageuses tre`s particulie`res, telles
que des nuages lenticulaires au dessus des pics ou en aval d’une chaˆıne de montagne, ou
des bandes de nuages paralle`les en forme de rouleaux. Un premier exemple est montre´
dans la Fig. 1.2, ou` les nuages sont observe´s directement (la photo) et par LIDAR
lors d’un vol en altitude (Smith et al. 2002). Les nuages lenticulaires sont de´tecte´s
par le LIDAR en (z=7.5km ;d=47km) et (z=9km ;d=50km), alors que les couches de
cirrostratus (z=9-12km) et de cumulus (z=4-6km) sont manifestement de´forme´es par
les oscillations verticales duˆes aux ondes. Un deuxie`me exemple est pre´sente´ dans la
Fig. 1.3 (Volkert et al., 2003).
La structure d’une OG de montagne est de´termine´e bien suˆr par la taille et la forme
de la montagne, mais aussi par les caracte´ristiques de l’e´coulement, notamment le profil
vertical de tempe´rature (ou de tempe´rature potentielle, caracte´rise´ par la fre´quence de
Brunt-Vaisa¨la¨ N(z)), celui de l’humidite´, et le profil vertical du vent U(z). En premie`re
approximation, on peut tirer beaucoup d’informations de la the´orie line´aire, qui sup-
pose la longueur d’onde verticale grande devant la hauteur de la montagne. On obtient
alors pour une onde monochromatique de nombre d’onde horizontal k et vertical m, en
supposant que N(z) et U(z) varient suffisamment lentement (approximation WKB), le
lien suivant (voir par exemple Smith 1979, Durran 1986b et 1990, Baines 1995, Salby
1996, Wurtele 1996, Fritts et Alexander 2003) :
m2 = S − k2 avec S(z) = N(z)
2
U(z)2
. (1.1)
Ceci implique que toute la structure ge´ome´trique est contenue dans le parame`tre S,
appele´ parame`tre de Scorer (Scorer, 1949), et dont l’expression donne´e ici est approxi-
mative par souci de simplicite´. Notamment, on voit que les ondes trop courtes ne
pourront se propager verticalement, car leur fre´quence intrinse`que Uk est supe´rieure a`
N , la fre´quence propre de l’atmosphe`re pour les oscillations verticales dues a` la force
d’Archime`de. Autrement dit, le temps d’advection du fluide le long de la montagne
1/(Uk) est plus court que le temps de re´action de l’atmosphe`re duˆ a` sa stratification,
d’ou` l’absence de propagation de la perturbation dans le milieu. En pratique, c’est pour
des e´chelles orographiques infe´rieures a` 5 a` 10km que les ondes de montagne ne sont
plus propagatives. Elles participent alors a` la formation de la couche limite turbulente
de surface, ce sur quoi nous reviendrons.
On voit aussi que pour les ondes tre`s longues, ce qui correspond a` l’approximation
hydrostatique, la longueur d’onde verticale vaut λz =
2piU
N
. Ceci permet de pre´ciser le
crite`re de line´arite´ cite´ plus haut. Pour cela on de´finit a` partir de la hauteur H de
la montagne, sa hauteur adimensionne´e h, qui est aussi l’inverse du nombre Froude
local :
h =
NH
U
=
1
Fr
. (1.2)
Pour h > 1 l’onde devient non line´aire et du de´ferlement peut se produire la` ou` les
isentropes sont si incline´es que du fluide lourd se retrouve au dessus du fluide le´ger.
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Fig. 1.2 – Ondes de gravite´ de montagne observe´es par avion le 2 Novembre 1999 au dessus
du Mont Blanc. La photo montre diffe´rentes couches de nuages superpose´es : une couche
(sombre) de cirrostratus au dessus, un ensemble de nuages lenticulaires a` la hauteur du vol,
et des cumulus en dessous. La figure du bas repre´sente les donne´es reccueillies par le LIDAR
embarque´ sur l’avion, ainsi que le de´placement vertical des parcelles de fluide (traits noirs)
de´termine´ a` chaque traverse´e de l’avion (Smith et al. 2002).
On parle alors d’instabilite´ convective. Cela peut eˆtre provoque´ localement par une
augmentation de stratification et/ou une de´croissance du vent, qui fait augmenter h(z),
comme c’est le cas a` l’entre´e dans la basse stratosphe`re. De fac¸on ge´ne´rale, cela peut
se produire pour une amplitude de l’onde suffisamment forte, ce qui arrive notamment
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Fig. 1.3 – Ondes de gravite´ de montagne observe´es le 25 Octobre 1999 sur la partie Est des
Alpes : a) photo satellite prise dans le canal visible (NOAA-14) a` 14h22 UTC (radiances en
W.m−2.sr−1) ; b) section horizontale a` 5km d’altitude et a` 14h30 UTC de la vitesse verticale
(contours et nuances de gris, en m.s−1) et du vent horizontal (fle`ches, vent moyen de 25
m.s−1) simule´es avec le mode`le MESO-NH (Volkert et al. 2003).
a` haute altitude parce que la densite´ de´croˆıt, ou a` bas niveau simplement parce que la
montagne est tre`s haute et le vent suffisamment faible. Dans un tel cas, l’e´coulement
tend a` s’acce´le´rer juste derrie`re la montagne dans les basses couches, donnant lieu
a` l’effet de Foehn sec, caracte´rise´ par des vents descendants tre`s forts au pied de
la montagne (Lilly 1978, Peltier et Clark 1979, Hoinka 1985, Durran et Klemp 1987,
Durran 1990). Si le relief est 3D (montagne isole´e), on peut aussi observer la se´paration
de l’e´coulement dans les couches infe´rieures pour contourner l’obstacle (Miranda et
James, 1992). Dans ces conditions, les effets visqueux deviennent non ne´gligeables, et
conduisent a` la formation d’un sillage. Nous reviendrons en de´tail sur ces effets dans
la section 1.4.
1.2.2 Niveaux singuliers
Notons qu’en re´alite´, les conditions de variations lentes de N et U ne´ce´ssaires a`
l’e´tude pre´ce´dente sont rarement ve´rifie´es, et l’approximation WKB n’est alors, en
toute rigueur, plus qu’un support de pense´e pour interpre´ter le comportement de
l’onde. Elle est cependant largement utilise´e, y compris en pratique, et s’ave`re re-
lativement efficace. Utilisons-la` donc encore pour exploiter davantage la relation (1.1).
On voit qu’a` l’approche d’un niveau z tel que S(z)− k2 devient ne´gatif, l’onde ne
peut plus se propager verticalement et devient e´vanescente. L’onde est alors re´fle´chie,
il s’agit d’un point de rebroussement. L’onde peut rencontrer un tel niveau si elle entre
dans une zone de stratification plus faible (ce qui arrive a` l’entre´e d’une zone turbu-
lente me´lange´e, par exemple si l’onde est non line´aire et de´ferle a` ce niveau), ou si le
vent augmente suffisament (ce qui peut arriver lors de la traverse´e du jet des moyennes
latitudes, qui est maximal dans la basse stratosphe`re). Dans ces conditions, l’onde peut
subir des re´flexions successives et re´pe´te´es sur le sol puis au point de rebroussement,
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jusqu’a` constituer une onde pie´ge´e, contrainte a` progresser horizontalement (Scorer
1949, Bretherton 1969). Ce type d’onde peut propager l’effet de la montagne relati-
vement loin en aval, et donner lieu aux formation nuageuses pe´riodiques cite´es plus
haut.
Enfin, l’existence d’un niveau de vent nul implique, toujours par la relation (1.1),
que la longueur d’onde verticale doit tendre vers 0. On parle alors de niveau critique
(Booker et Bretherton, 1967). Si l’onde n’est pas stationnaire, ce niveau intervient la`
ou` la vitesse du vent de base rejoint la vitesse de phase de l’onde. A son approche,
le me´canisme oscillatoire ne peut plus fonctionner “normalement” puisque le milieu
ambiant supportant l’onde se de´place a` la meˆme vitesse que celle-ci. Il en re´sulte que
la vitesse verticale est fortement re´duite, alors que la vitesse horizontale tend a` diver-
ger. La longueur d’onde verticale tend vers ze´ro, et le vecteur d’onde devient vertical.
Comme la vitesse de groupe doit rester perpendiculaire a` ce dernier, l’e´nergie se pro-
page de plus en plus horizontalement. Cette singularite´ ge´ne`re localement des gradients
importants, qui conduisent aussi au de´ferlement de l’onde. Celle-ci est alors dissipe´e
dans cette couche critique, qu’elle ne peut traverser sans subir une forte absorption. On
parle donc d’absorption au niveau critique, du moins pour les ondes de faible ampli-
tude. Il va de soi que la prise en compte des effets non line´aires en cas d’ondes intenses
complique le processus, notamment par l’existence de re´flexions (ex : Clark et Peltier
1984, Lott et Teitelbaum 1992). Au demeurant, ce qui nous inte´resse dans un premier
temps est qu’en de´ferlant, l’onde va eˆtre partiellement ou entie`rement dissipe´e a` partir
d’un certain niveau. Notons enfin, ce qui aura son importance par la suite, qu’en trois
dimensions, l’existence d’une composante de vent perpendiculaire au vecteur d’onde
ne change pas la nature critique du niveau conside´re´. En particulier, les ondes station-
naires (ω = 0) rencontrent un niveau critique la` ou` le vent est perpendiculaire a` leur
vecteur d’onde, car leur pulsation intrinse`que s’annule :
Ω = ω − k.U = 0− k.U = 0. (1.3)
Lorsque le vent tourne avec l’altitude, et que plusieurs vecteurs d’onde sont pre´sents,
on parle alors de niveaux critiques directionnels (Shutts, 1995).
1.2.3 Effets de la rotation terrestre a` plus grande e´chelle
Bien que l’appellation “onde de montagne” soit plutoˆt re´serve´e a` des e´chelles
horizontales suffisamment courtes pour que les effets de la rotation terrestre soient
ne´gligeables (le nombre de Rossby Uk
f
est grand devant 1), il est utile de comprendre
ce qui arrive pour des montagnes de plus en plus larges. La fre´quence intrinse`que se
re´duit, mais ne doit pas eˆtre infe´rieure (en valeur absolue) au parame`tre de Corio-
lis f pour que l’onde reste propagative. La vitesse verticale est proportionnellement
plus faible au profit d’un mouvement de plus en plus horizontal. On parle alors d’Onde
d’Inertie-Gravite´ (OIG)4. Le retour au cas des OG pures correspond donc a` l’hypothe`se
limite f = 0. Une conse´quence importante de la prise en compte de f est l’apparition
de deux nouvelles singularite´s dans l’e´quation de propagation verticale dans un vent
variable, qu’on appelle niveaux critiques inertiels, la` ou` la fre´quence intrinse`que vaut
±f (Jones, 1967).
4Dans la suite, on utilisera OG pour l’ensemble du spectre sans distinction, ou alors OIG et OG
pure pour distinguer les domaines : avec rotation ou sans.
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Si l’on continue a` e´largir l’e´chelle horizontale de la montagne, le nombre de Rossby
devient infe´rieur a` 1 et la perturbation engendre´e par la montagne n’est plus propaga-
tive par le biais de la stratification verticale en densite´ de l’atmosphe`re. On entre alors
dans la cate´gorie des mouvements lents, qui peuvent eˆtre de´crits a` l’aide d’un forma-
lisme e´quilibre´, tel que le formalisme Quasi-Ge´ostrophique (QG) (Charney, 1948) ou
Semi-Ge´ostrophique (SG) (Hoskins, 1975). Cependant, cette perturbation peut main-
tenant se propager via un me´canisme d’onde de Rossby, graˆce a` la stratification hori-
zontale de la vorticite´ plane´taire (“l’effet beta”, autrement dit graˆce a` la sphe´ricite´ de
la Terre), ou graˆce a` la baroclinicite´ de l’e´tat de base sous forme d’onde de Rossby de
bord, dite onde de Eady (Eady, 1949).
Cela dit, selon le profil du vent et les e´chelles excite´es par la montagne, des niveaux
critiques inertiels peuvent exister, se´parant des re´gions ou` la fre´quence intrinse`que
est soit supe´rieure soit infe´rieure a` f. Ainsi, une coexistence est possible entre une
onde d’inertie-gravite´ (propagative) et un mouvement lent e´quilibre´, chacun existant
dans des domaines de l’espace se´pare´s par les niveaux critiques inertiels (Nakamura
1988, Wurtele et al. 1996 Shutts 2001, Plougonven et al. 2005). C’est dans ce contexte
d’e´chelles interme´diaires sous-synoptiques, que nous e´tudierons l’effet des montagnes
dans les parties III et IV de cette the`se.
1.2.4 Interaction Ondes de montagne - Ecoulement moyen
Outre le fait que les ondes de montagne peuvent de´clencher localement des forma-
tions nuageuses et des pre´cipitations, ou me´langer l’air et donc agir sur le transport
et sur la chimie atmosphe´rique, elle peuvent avoir un impact a` des e´chelles bien plus
grandes. Cela peut se comprendre de la fac¸on suivante.
La structure classique de l’onde comporte, pre`s de la surface, une surpression sur
la pente expose´e au vent (montante), et une de´pression derrie`re le sommet, sur l’autre
pente (descendante). Cela donne lieu a` une force de pression re´sultante non nulle,
exerce´e sur la topographie dans la direction de l’e´coulement moyen. Cette force traduit
en fait un transfert de moment cine´tique depuis l’atmosphe`re vers la Terre solide. S’il
est relativement bien reconnu que les montagnes se de´placent tre`s peu sous l’effet du
vent... (voir De Viron et al. 2005 pour l’influence de l’atmosphe`re sur le mouvement
de la Terre solide), on en de´duit que re´ciproquement l’atmosphe`re doit eˆtre freine´e par
cette interaction avec la surface. Pour comprendre comment et ou` la montagne exerce
une force sur l’atmosphe`re, on e´crit l’e´quation du bilan de quantite´ de mouvement
zonale en ne´gligeant la rotation terrestre, en introduisant la vitesse totale v et sa
composante zonale u = v.ex, ainsi que la pression p et la masse volumique ρ :
∂ρu
∂t
+∇.(ρ uv + p ex) = 0. (1.4)
On l’inte`gre ensuite sur un volume compris entre la surface z = h(x) (pour une
montagne invariante selon y) et une altitude arbitraire zt, en supposant le domaine
pe´riodique selon x, ou en choisissant les parois late´rales du volume suffisamment loin
pour que les flux a` travers elles soient ne´gligeables, ce qui donne :
∂
∂t
∫∫∫
ρu dx dy dz = −
∫∫
ρuw dx dy
∣∣∣∣
z=zt
−
∫∫
p
∂h
∂x
dx dy
∣∣∣∣
z=h
. (1.5)
Cette e´quation signifie que lorsque l’onde de montagne est pre´sente, la force de traine´e
due a` la pression de surface exerce une force de freinage sur le volume de fluide (2e`me
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terme du second membre), qui peut eˆtre compense´e par l’existence d’un flux descendant
de quantite´ de mouvement a` travers le niveau zt (1er terme du second membre), qui en
l’occurence est porte´ par l’onde de montagne. Autrement dit, si a` partir d’un certain
niveau l’onde est partiellement dissipe´e parce qu’elle de´ferle, ce flux descendant sera
amoindri et donc ne pourra compenser le frein de surface duˆ a` la montagne.
Ainsi, tout se passe comme si la montagne exerc¸ait directement une force la` ou`
l’onde est dissipe´e. Cela peut se comprendre en recourant au formalisme de l’interaction
onde - e´coulement moyen. Si u¯ est la valeur moyenne de u sur un domaine pe´riodique
(ou sur un domaine suffisamment grand), et u′ l’e´cart a` cette moyenne, on peut e´tablir
l’e´quation d’e´volution de la moyenne sous l’effet de la perturbation ondulatoire. Dans
le cadre ane´lastique non tournant, elle s’exprime ainsi (Eliassen et Palm, 1961) :
∂ρ0u¯
∂t
= − ∂
∂z
(ρ0 u′w′). (1.6)
Le the´ore`me d’Eliassen-Palm indique par ailleurs que, pour des ondes de faible am-
plitude line´aires et stationnaires, et lorsque les ondes sont ne´gligeables aux frontie`res
du domaine, le flux ρ0u′w′ est constant sur la verticale sauf si l’onde subit locale-
ment de la dissipation, ce qui sous l’hypothe`se line´aire ne peut arriver qu’en pre´sence
d’un niveau critique. Des versions plus ge´ne´rales de ce the´ore`me ont e´te´ donne´es par
la suite pour diffe´rents types d’ondes, introduisant la notion d’activite´ d’onde cense´e
traduire les effets instationnaires, et celle de circulation re´siduelle pour exprimer plus
simplement l’effet des ondes dans le cadre Eule´rien transforme´ (Boyd 1976, Andrews
et McIntyre 1976a et b, 1978a, b et c). Nous retiendrons ici simplement que de fac¸on
ge´ne´rale, l’onde de montagne transporte une petite partie de la quantite´ de mouve-
ment de l’e´coulement de grande e´chelle vers le bas, depuis les niveaux ou` elle subit
de la dissipation, c’est-a`-dire de fac¸on ge´ne´rale la` ou` elle de´ferle. Ce flux de quantite´
de mouvement est transfe´re´ a` la topographie par la force de traine´e due aux forces de
pression de surface.
Avant de poursuivre, une pre´cision se´mantique s’impose ici. En franc¸ais, le terme
traˆıne´e correspond a` une force de freinage lie´e a` l’e´coulement sur un obstacle, op-
pose´e a` la vitesse du fluide. Or d’une part, les OG peuvent dans certains cas acce´le´rer
l’e´coulement, et non pas le freiner (cf 1.2.5). D’autre part, un obstacle peut aussi
exercer sur le fluide une force perpendiculaire a` sa vitesse, verticale et/ou horizontale,
qu’on appelle la portance. C’est souvent le cas pour les ondes de montagne, et nous
y reviendrons. L’ambiguite´ provient probablement de l’utilisation du terme drag en
anglais, qui selon les cas signifie la traˆıne´e, qui est une force s’exerc¸ant sur une surface,
ou le flux de quantite´ de mouvement ρ0u′w′, qui a la dimension d’une contrainte, et
dont de´coule la force volumique applique´e au fluide en tout point via l’Eq. (1.6). C’est
pourquoi dans la suite, nous utiliserons prioritairement le terme contrainte lorsque la
distinction entre ces significations ne s’impose pas.
Notons que l’existence de cette force localise´e n’est pas le seul mode par lequel les
ondes de montagne peuvent agir sur l’e´coulement moyen. Notamment, en de´ferlant
elles induisent aussi du me´lange qui peut se traduire par une diffusivite´ turbulente.
C’est le cas dans la haute me´sosphe`re et la basse thermosphe`re, ou` les ondes de gravite´
sont tenues pour responsables d’un important me´lange de l’e´nergie et des traceurs.
Dans une moindre mesure, la dissipation des ondes de gravite´ peut aussi induire de la
diffusion de la quantite´ de mouvement, et aussi provoquer un chauffage local (Fritts
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et Alexander, 2003). D’autre part, d’autres processus d’interaction entre les ondes et
l’e´coulement moyen ont e´te´ re´cemment mis en e´vidence, tels que l’effet non dissipatif
de recul a` distance (Bu¨hler et McIntyre 2003) ou l’effet de capture d’onde par un
e´coulement cisaille´ (Bu¨hler et McIntyre 2005). Ces effets, lie´s a` la re´fraction des OG se
propageant dans un e´coulement lent et de grande e´chelle, font appel a` une formulation
plus subtile des the´ore`mes de conservation de la quantite´ de mouvement.
1.2.5 Ondes de gravite´ et circulation ge´ne´rale de l’atmosphe`re
On a donc montre´ que de fac¸on ge´ne´rale, les montagnes peuvent exercer un forc¸age
sur la circulation atmosphe´rique graˆce au de´ferlement des OG stationnaires, mais aussi
des ondes de Rossby (plane´taires) qu’elles ge´ne`rent (Andrews 1987a, McIntyre 2001).
Or d’autres sources importantes d’OG existent, telles que la convection ou les instabi-
lite´s de jets, qui ge´ne`rent plutoˆt des ondes non stationnaires. Le roˆle de ces dernie`res
peut se comprendre de la meˆme fac¸on que pre´ce´demment, a` condition d’ajouter ce
corollaire du the´ore`me d’Eliassen-Palm : une OG non stationnaire qui se dissipe a` un
niveau de de´ferlement tend a` acce´le´rer l’e´coulement moyen dans le sens qui le rap-
proche de sa propre vitesse de phase. Par conse´quent, le roˆle des OG ne se re´duit pas
a` exercer un frein sur l’e´coulement de grande e´chelle. Elle peuvent aussi l’acce´le´rer, au
sens de l’intensifier.
Le roˆle global des OG sur la circulation atmosphe´rique est sche´matise´ sur les
Figs. 1.4 (Kim et al., 2003) et 1.5 (Fritts et Alexander, 2003), qui repre´sentent l’effet
des OG sur le profil moyen du vent zonal aux moyennes latitudes en hiver et en e´te´. Les
deux diagrammes de la Fig. 1.4 peuvent eˆtre vus comme deux sections verticales aux
moyennes latitudes de la coupe me´ridienne de la Fig. 1.5. Les trois principales sources
d’OG y sont repre´sente´es (orographie, convection, jets), avec les vitesses de phase as-
socie´es (c), ainsi que leurs niveaux de de´ferlement par rencontre d’un niveau critique
ou par instabilite´ convective. On voit d’abord que de fac¸on ge´ne´rale, le de´poˆt de quan-
tite´ de mouvement duˆ aux ondes de gravite´ se produit essentiellement entre la haute
troposphe`re et la basse thermosphe`re. Les deux courbes grises de la Fig. 1.4 indiquent
l’allure qu’aurait le vent zonal en l’absence du forc¸age par les OG, c’est-a`-dire de´coulant
uniquement de l’e´quilibre radiatif-convectif de grande e´chelle, qui obe´it prioritairement
a` l’e´quilibre ge´ostrophique et hydrostatique. Cette repre´sentation est conforme au pa-
radigme classique, et simplificateur, qui pre´sente la troposphe`re essentiellement comme
une re´gion source pour les OG, la stratosphe`re comme une zone principalement pro-
pagative, et la me´sosphe`re et la haute stratosphe`re comme une re´gion de de´ferlement
important (Kim et al 2003). On voit en particulier que les OG ont un impact essentiel
dans la haute stratosphe`re (40-50km), la me´sosphe`re (entre 50 et 80-90km) et la basse
thermosphe`re (80-90 a` 100km) et, ou` elles freinent conside´rablement le vent zonal au
point d’inverser son gradient. Notamment, le vortex cyclonique de nuit polaire (hiver)
est conside´rablement atte´nue´ dans la me´sosphe`re et la thermosphe`re, par les OG d’ori-
gine orographique et convective (de vitesse de phase ne´gative) essentiellement. On y
voit aussi, que les OG orographiques imposent une de´ce´le´ration importante dans la
basse stratosphe`re, dont l’effet est plus marque´ en hiver. Inversement, on remarque
qu’en hiver par exemple, les OG convectives de vitesse de phase positive ainsi que les
OG provenant des jets pre`s de la tropopause, tendent a` intensifier le jet d’ouest dans
la stratosphe`re.
On comprend donc la repre´sentation simplifie´e de la Fig. 1.5, faisant apparaˆıtre
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Fig. 1.4 – Sche´ma illustrant l’action des OG sur les vents zonaux aux moyennes latitudes,
dont les profils moyens typiques sont repre´sente´s pour l’hiver bore´al (a) et l’e´te´ bore´al (b)
(Kim et al. 2003). Les profils de vent attendus en l’absence de forc¸age par les OG sont
repre´sente´s par des lignes grises e´paisses termine´es par des fle`ches. Les zones de de´ferlement
et dissipation des OG, ou` celles-ci exercent une force zonale sur le vent moyen, sont indique´es
par des spirales. La vitesse de phase des OG est indique´e par c et par la position des sources
en abscisse.
Fig. 1.5 – Sche´ma illustrant en moyenne zonale le roˆle moteur des OG sur la circulation
de l’atmosphe`re moyenne (Fritts et Alexander, 2003). Les zones grise´es repre´sentent la force
zonale exerce´e par les OG (oriente´e vers l’ouest/est pour le signe -/+) sur les vents zonaux
(contours pleins pour vent d’ouest, intervalle de 10m.s−1). Le transport induit par les OG
sous forme de circulation re´siduelle est indique´ par les fle`ches.
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quatre zones de freinage par les OG, deux dans la basse stratosphe`re et deux dans
la me´sosphe`re. Par un effet similaire a` la de´rive d’Ekman, ce forc¸age se traduit par
une circulation re´siduelle (repre´sente´e par les fle`ches) essentiellement me´ridienne, mais
aussi verticale par conservation de la masse (Haynes et al. 1991, McLandress 1998).
Cette circulation est inter-he´misphe´rique dans la me´sosphe`re, alors qu’elle est dirige´e
vers les poˆles dans la stratosphe`re. Cela contraint globalement un mouvement d’ascen-
sion dans l’he´misphe`re d’e´te´, et de subsidence dans l’he´misphe`re d’hiver. Cette circu-
lation re´siduelle tend donc a` refroidir la me´sosphe`re d’e´te´ et re´chauffer la me´sosphe`re
d’hiver, jusqu’a` inverser localement le gradient thermique me´ridien impose´ par l’inso-
lation a` cette altitude. Notons que la circulation re´siduelle stratosphe´rique d’hiver est
aussi force´e conjointement par les ondes plane´taires dont l’effet est dominant a` ce ni-
veau. La de´couverte de ce me´canisme de couplage entre la troposphe`re et l’atmosphe`re
moyenne a fait e´merger la notion de controˆle par le haut (downward control), dont on
pense aujourd’hui qu’il influence de fac¸on perceptible la dynamique de la troposphe`re
aux grandes e´chelles de temps, disons supe´rieures a` une semaine (Haynes et al. 1991,
Hamilton 1999). Remarquons que d’autres couplages importants impliquant les OG
existent, donnant lieu aux Oscillations Quasi Bi-annuelle (QBO, Lindzen et Holton
1968) et Semi-Annuelle (SAO, Dunkerton, 1982).
Cette influence importante des OG sur la Me´te´orologie et le climat, la ne´cessite´ de
rendre compte de leur pre´sence dans les observations, et de les parame´triser de fac¸on
satisfaisante dans les mode`les, ont ainsi contribue´ a` replacer les questions the´oriques
ayant traits aux OG au tout premier plan. En particulier, depuis une vingtaine d’anne´es,
des travaux conside´rables ont e´te´ mene´s pour mieux comprendre et quantifier les
diffe´rents me´canismes d’une part de ge´ne´ration, et d’autre part de saturation non-
line´aire des OG. Nous aborderons ces deux the´matiques dans le cadre de cette the`se.
Concernant les sources d’OG, l’une des ide´es importantes est celle de l’ajustement
ge´ostrophique, par lequel un e´tat initial non e´quilibre´ de l’e´coulement e´met des OIG
en se relaxant vers un e´tat e´quilibre´ correspondant a` la distribution initiale de vorticite´
potentielle (Rossby 1937, Blumen 1972, Fritts et Luo 1992). C’est dans ce cadre qu’a
notamment e´te´ propose´ un me´canisme indirect duˆ aux montagnes, dit de ge´ne´ration
secondaire, dans lequel la force ge´ne´re´e par des OG de montagne courtes qui de´ferlent
excite des OIG de grande e´chelle (Scavuzzo et al. 1998, Vadas et al. 2003, Lott 2003).
Plus re´cemment, l’ide´e s’est progressivement impose´e qu’a` l’inverse, un e´coulement
e´quilibre´ n’a pas de raison de le rester inde´finiment, et que son e´volution peut le
conduire a` e´mettre des OIG (Ford et al. 2000, Plougonven et Zeitlin 2002, Vanneste
et Yavneh 2004, Viu´dez et Dritschel 2006, Plougonven et Snyder 2007, Snyder et al.
2007, Viu´dez 2008, O´lafsdo´ttir et al. 2008). C’est dans ce cadre que nous proposerons
un autre me´canisme de ge´ne´ration secondaire lie´ au de´ferlement des ondes de gravite´
de montagne courtes.
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1.3 Cycloge´ne`se de montagne
1.3.1 Observations
L’ave`nement des observations syste´matiques des e´pisodes de cycloge´ne`se a permis
la mise en e´vidence du roˆle significatif joue´ par les massifs montagneux, qui se re´ve`lent
eˆtre des re´gions propices (Pettersen 1956, Whittaker and Horn 1984). Les massifs
des Rocheuses et des Alpes ont e´te´ particulie`rement e´tudie´s, et donnent lieu chacun
a` un arche´type de cycloge´ne`se de montagne (Pierrehumbert, 1986). D’autres massifs
sont cependant re´pertorie´s, comme ceux du Groe¨nland, du plateau tibe´tain, de l’Atlas
alge´rien, de l’Alta¨ı en Sibe´rie, ou du Japon, pour ce qui est de l’he´misphe`re nord. Au
sud, les e´pisodes de cycloge´ne`se de montagne sont bien suˆr beaucoup moins fre´quents,
mais on cite toutefois les effets du massif andin, ainsi que du massif trans-Antarctique
(Scha¨r, 2003).
La notion de cycloge´ne`se de montagne recouvre une re´alite´ me´te´orologique et clima-
tologique assez vaste, re´pondant a` de multiples crite`res qui tendent a` faire de chaque cas
un cas a` part. En premier lieu, tout de´pend bien suˆr des caracte´ristiques ge´ome´triques
du massif et du type de re´gime de vent associe´ a` la re´gion et a` la saison. De ce point de
vue, la grande diversite´ morphologique des massifs montagneux cite´s ci-dessus laisse
entrevoir des me´canismes tout aussi divers, comme en te´moignent les deux cas relative-
ment diffe´rents des Rocheuses et des Alpes (de´veloppe´s ci-apre`s). Tout de´pend aussi de
l’e´chelle des phe´nome`nes observe´s. Litte´ralement, le terme cycloge´ne`se signifie cre´ation
de vorticite´. Or les vortex de sillage peuvent apparaˆıtre a` des e´chelles multiples a priori,
depuis les me´so-e´chelles (10km) jusqu’aux e´chelles synoptiques (1000km). D’ailleurs,
historiquement la notion de cycloge´ne`se e´tait directement rattache´e a` une chute de
pression notable localise´e, et le terme anglais cyclone de´signait une de´pression (Pier-
rehumbert, 1986). Si l’on se focalise sur la production de structures intenses et de
grande e´chelle qui tendent a` e´voluer vers des de´pressions extra-tropicales classiques,
alors l’influence des montagnes peut eˆtre re´sume´e de fac¸on ge´ne´rale comme suit. Elle
consiste souvent a` de´clencher et/ou moduler un e´pisode de cycloge´ne`se extra-tropicale
classique5, qui sans montagne se serait produit probablement a` un endroit proche et
un peu plus tard (Scha¨r, 2003).
Par exemple, l’effet typique du massif tre`s e´tendu des Rocheuses consiste globale-
ment a` de´vier vers le sud et amplifier les syste`mes de´pressionnaires classiques en prove-
nance du Pacifique, s’approchant des coˆtes du nord-ouest des Etats-Unis et de l’Alaska
(Palme´n and Newton 1969, Bannon 1992, Davis 1997). Le centre de´pressionnaire est
bloque´ par l’anticyclone situe´ sur le massif, il se dirige vers le poˆle et s’affaiblit au nord
du massif, au profit d’un nouveau centre de basse pression qui apparaˆıt 1000 km plus
bas, au sud du massif, de´bouchant typiquement sur la re´gion du Colorado. Il s’ensuit
alors souvent une amplification suite au couplage avec le thalweg stratosphe´rique6 qui
termine sa traverse´e du massif. Parfois, la de´pression est de´vie´e encore plus loin au sud
et rejoint la ”storm track” atlantique sur la coˆte est.
Le cas Alpin est tre`s diffe´rent, d’abord parce que les dimensions horizontales du
massif sont 5 a` 10 fois plus petites pour une hauteur moyenne e´quivalente (environ
3km), et que le ”croissant” Alpin est globalement oriente´ est-ouest contrairement aux
5c’est-a`-dire impliquant les ingre´dients habituels, a` savoir le couplage vertical entre une anomalie
thermique basse et une anomalie de vorticite´ potentielle haute.
6ou thalweg de haut niveau, traduction pour ”upper-level trough”.
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Rocheuses. Il est caracte´rise´ par un me´canisme en deux phases (Buzzi et Tibaldi, 1978),
illustre´ sur la Fig. 1.6 (Scha¨r, 2003).
Il se produit a` l’approche du massif
par l’Europe centrale ou du nord, d’un
syste`me de´pressionnaire classique, c’est-a`-
dire d’un front froid de bas niveau suivi
d’un thalweg de haut niveau (Bleck et
Mattocks 1984, Pichler et Steinacker 1987,
Tafferner 1990). Cette approche s’accom-
pagne d’un foehn de sud derrie`re la mon-
tagne qui est chaud et humide, et donc qui
de´stratifie la zone du golfe de Ge`nes et de
l’Italie du nord (Fig. 1.6A). Au contraire,
l’air froid arrivant devant la montagne
est beaucoup plus stratifie´. Cette situa-
tion engendre la distortion du front qui se
trouve retarde´ par le massif, le blocage et
la se´paration de l’e´coulement de bas ni-
veau (qui donne lieu respectivement au
Mistral au sud et a` la Bora au nord), l’am-
plification de la baroclinicite´ et d’un gra-
dient de pression important entre l’avant
et l’arrie`re de la montagne (Fig. 1.6B).
C’est dans ce contexte dynamique essen-
tiellement sec que la premie`re phase se
de´roule, consistant alors en la formation
rapide d’un noyau de´pressionnaire de pe-
tite taille en surface, au voisinage du golfe
de Ge`nes. Ce noyau cyclonique est associe´
a` une anomalie thermique chaude. Il s’am-
plifie ensuite rapidement et peut s’e´loigner
(Fig. 1.6C). Pendant la deuxie`me phase,
moins rapide, ce pre´curseur interagit avec
le thalweg de haut niveau qui de´passe
alors le massif, dans un environnement
humide ou` les effets diabatiques peuvent
maintenant avoir un roˆle moteur. Si le
de´phasage est optimal, il se mue en une
de´pression extra-tropicale intense et de´rive
vers l’Europe de l’Est ou la coˆte nord-
me´diterrane´enne. Les forts vents de sud
qui le devancent peuvent alors entraˆıner
des orages sur l’Adriatique et de fortes
pre´cipitations sur l’Italie du Nord et les
Alpes de l’Est (Kljun et al, 2001). Fig. 1.6 – Re´pre´sentation sche´matique d’un
e´ve´nement de cycloge´ne`se alpine classique
(Scha¨r, 2003). Les grosses fle`ches repre´sentent
l’e´coulement de bas niveau, en face du
front froid (fle`ches blanches) ou derrie`re
(fle`ches noires). Les fle`ches fines repre´sentent
l’e´coulement en altitude.
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1.3.2 The´ories et me´canismes
De nombreuses the´ories ont e´merge´ notamment au cours des anne´es 80, pour ex-
pliquer les me´canismes dynamiques associe´s a` la cycloge´ne`se de montagne. Pour les
appre´hender, il est utile de positionner d’abord le proble`me a` l’aide d’au moins deux
nombres sans dimensions. En introduisant des e´chelles de longueur horizontale L et ver-
ticale H caracte´ristiques du massif, une vitesse U et une fre´quence de Brunt-Va¨isa¨la¨ N
caracte´ristiques de l’e´coulement dans les basses couches, on de´finit une hauteur adi-
mensionne´e h comme pre´ce´demment (section 1.2.1), et un nombre de Rossby Ro :
h =
NH
U
and Ro =
U
fL
(1.7)
Le nombre de Rossby traduit le caracte`re e´quilibre´ ou non de l’e´coulement. Plus il est
petit devant 1, plus l’e´coulement peut eˆtre raisonnablement de´crit par le formalisme
Quasi-Ge´ostrophique (QG). Quant au nombre h, son interpre´tation a e´te´ est pre´sente´e
en 1.2.1. L’application d’un mode`le QG requiert aussi une condition de faible pente
sur l’orographie (Scha¨r et Davies, 1988), qui s’e´crit en comparant la hauteur de la
montagne H a` la hauteur caracte´ristique de pe´ne´tration d’une anomalie de surface
associe´e au rayon de de´formation L :
Roh =
NH
fL
<
1
2
( ou < 1 en 2D ). (1.8)
L’observation des re´gimes de vents correspondant aux massifs montagneux cite´s est
re´sume´e sur le sche´ma de la Fig. 1.7 (Scha¨r, 2003), qui montre le re´sultat important
suivant : la plupart des phe´nome`nes de cycloge´ne`se de montagne re´els ne peuvent eˆtre
de´crits correctement par la dynamique QG, et l’on ne peut y ne´gliger les effets non
line´aires. De plus, l’utilisation de balances d’ordre supe´rieur a` la balance QG n’est
pas de nature a` ame´liorer fondamentalement les choses. Ne´anmoins, de nombreuses
the´ories ont e´te´ propose´es dans le cadre QG, line´aire ou non. Celui-ci permet somme
toute de comprendre au moins qualitativement des me´canismes essentiels, qui de plus
peuvent largement influencer voire controˆler la dynamique me´so-e´chelle. C’est le cas
des the´ories que nous e´voquons maintenant.
Une approche courante consiste a` conside´rer la modification par l’orographie de
la propagation et de la croissance d’une onde barocline dans un e´coulement de base
cisaille´, ou autrement dit la diffusion d’une onde barocline par le relief. Dans ce cadre,
le vent de base n’interagit pas avec la montagne (il est nul en surface), et on conside`re
directement les perturbations secondaires duˆes a` l’onde barocline. Plusieurs approches
sont alors propose´es, souvent dans un cadre line´aire. On peut interpre´ter l’effet en
terme d’excitation de modes normaux particuliers par la montagne (Speranza et al
1985, Buzzi et al 1987). On peut aussi conside´rer l’effet du barrage de l’e´coulement
me´ridien a` bas niveau par l’orographie (Pierrehumbert, 1985). Ces deux approches
peuvent eˆtre qualifie´es de globales, car elles prennent en compte la modification par la
montagne de l’e´coulement total de grande e´chelle.
De fac¸on ge´ne´rale, on peut aussi comprendre l’effet de l’orographie sur une onde
barocline aux e´chelles synoptiques, en raisonnant localement et perturbativement a`
partir du principe suivant : si l’atmosphe`re a une stratification stable, et pour une
e´volution adiabatique, un e´coulement de surface qui s’e´le`ve (descend) le long de la
pente induit localement une anomalie de tempe´rature potentielle ne´gative (positive).
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Fig. 1.7 – Diagramme des re´gimes d’e´coulement pour un fluide stratifie´ sur une montagne
ide´alise´e de hauteur H, de largeur L et de profil H (1 + r
2
L2
)−
3
2 , pour un vent U et une
stratification N uniformes. Sont superpose´s les domaines de parame`tres typiques couverts
par les principaux massifs montagneux (Scha¨r, 2003).
On peut aussi raisonner par conservation de la vorticite´ potentielle, et dire qu’une
ascension (descente) induit une compression (un e´tirement) des colonnes de fluide,
donc une production locale de vorticite´ anticyclonique (cyclonique). Ces deux points
de vue se rejoignent en fait dans le cadre QG (ou balance´ plus ge´ne´ralement), sous la
notion d’onde de Rossby de bord, qui se re´ve`lent eˆtre un concept unificateur utile pour
les effets synoptiques (Davis 1997, Davis et Stoelinga 1999). En effet, a` une anomalie
de tempe´rature potentielle de surface positive (ne´gative) correspond une circulation
locale cyclonique (anticyclonique). Dans un environnement barocline, ces anomalies se
propagent horizontalement selon un me´canisme similaire a` celui des ondes de Rossby
(Hoskins et al 1985).
Ce concept d’onde de Rossby (ou de Eady) de bord a le me´rite de recouvrir aussi
une autre the´orie importante de cycloge´ne`se de montagne, locale, dont l’approche
pouvait sembler a` l’origine tre`s diffe´rente de la pre´ce´dente : celle de la ge´ne´ration
d’onde de montagnes baroclines (Smith, 1984). Smith propose de mode´liser l’environ-
nement barocline qu’est le front incident distordu par le relief, par un vent cisaille´
line´airement et tournant. Ce vent n’est pas nul en surface, et ge´ne`re une onde baro-
cline de bord stationnaire qu’il force a` l’endroit de la montagne. Cette onde n’est autre
qu’un paquet d’onde de Rossby (Eady) de bord force´, qui se de´veloppe et se propage
dans l’environnement barocline en obe´issant a` la correspondance tempe´rature-vorticite´
de´crite pre´ce´demment. L’inte´reˆt de cette the´orie re´side notamment dans sa capacite´ a`
mieux rendre compte de la premie`re phase (rapide) de la cycloge´ne`se Alpine, avec un
de´veloppement rapide d’une de´pression de petite e´chelle au voisinage de la montagne,
du coˆte´ de la face descendante (pour le vent).
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Ces trois the´ories centrales des anne´es 80 (Speranza et al 1985, Pierrehumbert 1985
et Smith 1984, voir aussi la revue de Mesinger et Pierrehumbert 1986) furent teste´es
par Egger (1988) at Tafferner et Egger (1990) sur des cas re´els de cycloge´ne`se alpine
observe´s pendant la campagne ALPEX (Alpine Experiment, 1982), et simule´s par des
mode`les aux e´quations primitives. Ces tests montre`rent que les trois the´ories e´taient
chacune incapables de rendre compte correctement du phe´nome`ne, essentiellement a`
cause de l’absence de la composante non line´aire de la dynamique du front en pre´sence
de relief. Malgre´ cela, les “the´ories globales” restent inte´ressantes d’un point de vue cli-
matologique (Buzzi et Tosi, 1989). Par ailleurs, la pertinence de la the´orie de Smith fut
souligne´e par Scha¨r (1990) dans une e´tude visant a` tester les limites de la cycloge´ne`se
alpine QG non-line´aire. Le me´canisme de Smith intervient dans la premie`re phase et
justifie l’e´chelle horizontale du vortex de sillage observe´, mais se trouve amplifie´ du
fait de la taille finie de la zone barocline au voisinage de la montagne, ce qui permet
d’atteindre une de´pression d’amplitude re´aliste.
Plus re´cemment, la notion de diffusion d’une onde barocline par l’orographie a
e´te´ revisite´e, a` la lumie`re des concepts d’instabilite´ convective ou absolue (Fantini
et Davolio 2001). Un mode neutre de Eady est ajoute´ a` l’e´tat de base classique du
proble`me de Eady, et on e´tudie les proprie´te´s de stabilite´ de l’ensemble, c’est-a`-dire
les modes propres instables des perturbations secondaires a` cet e´tat de base. Si l’am-
plitude initiale de l’onde primaire est suffisamment grande, les modes instables sont
de type “frontal” et traduisent une instabilite´ absolue, qui peut eˆtre de´clenche´e par la
pre´sence de l’orographie.
Cependant, comme montre´ pre´ce´demment (Fig. 1.7), les hypothe`ses de faible nombre
de Rossby et de faible pente ne tiennent pas pour la majeure partie des cas re´els
de cycloge´ne`se de montagne. A l’approche d’obstacles de pente relativement forte,
l’e´coulement peut se se´parer dans les basses couches pour contourner l’obstacle, ce qui
engendre des effets visqueux non ne´gligeables. De plus cela remet en cause l’hypothe`se
de surface isentrope pour la condition limite infe´rieure (Scha¨r et Davies, 1988), sur la-
quelle sont base´es toutes les the´ories pre´ce´demment cite´es. Du coup, dans la premie`re
phase de leur de´veloppement, les vortex cycloniques orographiques obe´issent la plupart
du temps a` une dynamique largement non ge´ostrophique, et visqueuse. Ne´anmoins, la
seconde phase de leur de´veloppement, qui les conduit a` maturite´, a toutes les chances
d’eˆtre largement e´quilibre´e.
C’est pourquoi la proble´matique a progressivement e´volue´ vers une autre ques-
tion, celle plus ge´ne´rale de l’interaction entre un front et une montagne (Davies 1984,
Egger et Hoinka 1992, Blumen 1992, et voir Meteorology and Atmospheric Physics
vol.48, entie`rement consacre´ a` cette question). Cette analyse a notamment be´ne´ficie´
de l’ame´lioration des simulations nume´riques aux e´quations primitives (Orlanski et
Gross 1994, Gross 1994). Un me´canisme particulie`rement bien documente´ consiste en
l’approche d’un front froid, qui se trouve retarde´ et distordu par le relief, et dans
lequel le blocage de l’e´coulement dans les basses couches me`ne a` sa se´paration. Ce
me´canisme correspond particulie`rement bien a` la cycloge´ne`se alpine telle qu’elle a e´te´
observe´e pendant la campagne ALPEX (Radinovic´ 1986, Pichler et Steinacker 1987,
Kljun et al 2001), ainsi que plus tard lors de la campagne German Front Experiment
(Hoinka et Volkert 1987, Hoinka et al. 1990, Hoinka et Volkert 1992). D’ailleurs, cet
effet de blocage des Alpes e´tait en fait connu depuis Ficker (1920), et Bergeron (1928)
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qui en fit la premie`re analyse. Cette distortion s’accompagne de la formation d’une
anomalie chaude derrie`re la montagne, dont la taille peut exce´der celle de la montagne
elle-meˆme (Kljun et al, 2001).
Par ailleurs, ces campagnes ont aussi permis de confirmer l’importance du second
ingre´dient typique de la cycloge´ne`se de motagne, a` savoir une perturbation de haute
troposphe`re incidente (correspondant a` une anomalie de vorticite´ potentielle positive),
et son roˆle dans la seconde phase (Bleck et Mattocks 1984, Pichler et Steinacker 1987,
Tafferner 1990), via un me´canisme de croissance barocline classique par couplage et
verrouillage de phase avec l’anomalie de bas niveau (Hoskins et al. 1985).
1.3.3 Vers une vision moderne de la cycloge´ne`se de montagne
Dans ce contexte, la question de l’origine de la vorticite´ et de la Vorticite´ Potentielle
(VP) dans les sillages montagneux est devenue centrale. En particulier, le cas des mon-
tagnes isole´es (3D), de petite e´chelle horizontale (me´so-e´chelle), pour des e´coulements
non line´aires (nombre de Froude infe´rieur a` 1), a fait l’objet de nombreuses e´tudes
sur la base de simulations ide´alise´es. Cette recherche, motive´e notamment par l’ob-
servation occasionnelle d’alle´e de Von Karman dans les stratus en aval de certaines
ıˆles montagneuses (Chopra 1973), visait d’abord a` montrer que la vorticite´ ne pro-
venait pas d’une e´ventuelle couche limite de surface turbulente, contrairement aux
alle´es de Von Karman observe´e en laboratoire a` l’aide d’un obstacle cylindrique. Non
sans controverse sur l’origine exacte de la vorticite´7 (Smolarkiewicz et Rotunno 1989,
Smith 89a et b, Smolarkiewicz et Rotunno 1990, Rotunno et al. 1999), ces e´tudes ont
permis d’une part d’imposer le point de vue d’anomalie de vorticite´ potentielle pour
de´crire la formation des sillages (Scha¨r et Smith 1993, Scha¨r et Durran 1997) graˆce a`
l’e´laboration d’un cadre the´orique puissant (Pratt 1983, Haynes et McIntyre 1987 et
1990, et Scha¨r 1993), et d’autre part de mieux comprendre les processus dissipatifs qui
peuvent engendrer de la VP en l’absence de chauffage diabatique et d’effets frictionnels
de surface (Scha¨r et Smith 1993, Scha¨r et Durran 1997, Epifanio et Durran 2002a et
b).
Graˆce a` ces recherches, la question de la cycloge´ne`se de montagne se formule au-
jourd’hui a` travers une nouvelle proble´matique. Il s’agit de comprendre la production
orographique d’anomalies de VP a` bas niveau, car cette production est intimement
lie´e a` l’e´tablissement des vortex de sillage. Elle est la conse´quence de la violation de
la conservation de la VP par les divers phe´nome`nes diabatiques et visqueux qui in-
terviennent dans les e´coulements re´els sur la topographie : les effets de friction de
surface, mais aussi la dissipation qui accompagne le de´ferlement des ondes de gravite´
a` bas niveau, la recirculation dans le sillage, la se´paration de l’e´coulement autour de
l’obstacle, ou encore le chauffage diabatique associe´ aux pre´cipitations orographiques.
Une fois produite dans la zone du sillage, les anomalies sont advecte´es par l’e´coulement,
formant des bannie`res de VP.
L’inte´reˆt de la formulation en terme d’anomalie de VP est qu’elle apporte un cadre
7Il apparaˆıt que les parcelles acquie`rent de la vorticite´ verticale avant de subir les effets diffusifs,
par un me´canisme purement non visqueux : la vorticite´ horizontale produite par la baroclinicite´
de l’e´coulement au niveau de la pente descendante du relief, est ensuite partiellement transforme´e
en vorticite´ verticale par cisaillement de la vitesse verticale (vortex tilting). Ce me´canisme ne rend
toutefois pas compte de l’ampleur des anomalies de vorticite´ verticale obtenues dans le sillage (Epifanio
et Durran 2002b).
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conceptuel interme´diaire entre dynamique me´so-e´chelle et synoptique. On sait en effet
que c’est par la production d’anomalies de VP que les petites e´chelles peuvent agir sur
les grandes (Raymond, 1992), ce qui de fac¸on ge´ne´rale est potentiellement inte´ressant
dans le contexte de la parame´trisation des effets orographiques sous-maille (voir section
1.4). En tout cas, c’est donc un excellent candidat pour de´crire la cycloge´ne`se alpine
qui se de´roule en deux phases, dont la premie`re est intrinse`quement non line´aire vis-
queuse et me´so-e´chelle, alors que la seconde est plus synoptique et conforme a` la vision
classique de la cycloge´ne`se (en terme d’interaction entre une anomalie de VP haute
et une anomalie de surface). Ainsi, Aebischer et Scha¨r (1998) montre`rent qu’a` l’ap-
proche d’un front froid pre´ce´dant un e´pisode de cycloge´ne`se, les Alpes peuvent ge´ne´rer
des bannie`res de VP primaires (de taille comparable au massif) ou secondaires (de la
taille d’un pic individuel), les bannie`res primaires ayant toutes les chances de jouer un
roˆle de pre´curseur dans la cycloge´ne`se, en constituant le coeur de la future de´pression.
L’existence et l’apparente stabilite´ de ces structures (qui peuvent atteindre 1500 km
de longueur) a e´te´ ensuite ve´rifie´e par les observations faites en 1999 au cours de la
campagne MAP8, couple´es a` des simulations me´so-e´chelles a` haute re´solution (Scha¨r et
al 2003, Flammant et al 2004, voir aussi la synthe`se MAP a` paraˆıtre sur ce sujet dans
le Quarterly Journal). Ceci est illustre´ par la Fig. 1.8, qui repre´sente la structure fila-
menteuse donne´e au champ de VP en aval des Alpes par ces bannie`res secondaires, telle
qu’observe´e lors de l’IOP9 15 de MAP (Flammant et al 2004). L’e´volution de grande
e´chelle associe´e est pre´sente´e plus loin dans la Fig. 1.9. Notons que les bannie`res secon-
daires, qui sont de petite e´chelle transverse, ont peu de chance d’influencer fortement
les e´chelles synoptiques, mais nous montrerons cependant qu’elles peuvent avoir un
roˆle dans la ge´ne´ration d’ondes d’inertie-gravite´ (cf chapitre 4).
Fig. 1.8 – Champ de vorticite´ potentielle a` 2700 m d’altitude (unite´ : 1
PVU=10−6K.m2.kg−1.s−1), a` 14h00 UTC le 8 Novembre 1999, simule´ par MESO-NH
(re´solution 2km). Les zones hache´es repre´sentent la section de l’orographie, et le rectangle
noir les trajectoires de l’avion utilise´ (Flammant et al 2004).
8Mesoscale Alpine Program (Binder et Scha¨r 1996, Bougeault et al. 2001).
9Intense Observation Period.
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A ce stade, si l’on devait retenir une ide´e simple de la cycloge´ne`se de montagne,
ce serait qu’elle repose le plus souvent sur le blocage plus ou moins intense d’un front
froid de bas niveau, associe´ a` l’advection d’une anomalie positive de VP haute. Ce
me´canisme a le me´rite d’eˆtre compatible avec la the´orie classique de la cycloge´ne`se
(interaction de deux anomalies de VP), et d’eˆtre applicable a` de nombreux massifs
montagneux, parmi lesquels les Alpes et les Rocheuses. Lors de l’interaction du front
froid avec le relief, divers processus peuvent contribuer a` l’amplification de l’anomalie
de VP basse, parmi lesquel le de´ferlement des ondes de gravite´ a` bas niveau, qui
retiendra notre attention dans cette the`se. Cependant le roˆle des ondes de gravite´ dans
la cycloge´ne`se ne se limite peut-eˆtre pas a` cela.
Fig. 1.9 – Analyses du Centre Europe´en du vent et de la VP (unite´ : 1
PVU=10−6K.m2.kg−1.s−1) sur la surface isentrope θ=320K (moyenne troposphe`re), pendant
l’IOP 15 de MAP (5-8 Novembre 1999, 12h00 UTC). Les zones de VP supe´rieure a` 3.5PVU
sont grise´es. Une fle`che de vent est repre´sente´e par point de grille, et l’e´chelle repre´sentative
d’un vent de 50m.s−1, qui de´pend de la taille de la maille, est repre´sente´e dans les coins
infe´rieur gauche et supe´rieur droit de la carte a) (Hoinka et Davies 2007).
En effet, l’e´tude de la cycloge´ne`se (alpine notamment) a aussi contribue´ a` observer
les occurences re´pe´te´es de panaches de VP de haut niveau (PV streamers) en prove-
nance du re´servoir stratosphe´rique, souvent incline´s nord-sud (voir la revue de Hoinka
et Davies 2007 pour MAP). Cette notion de panache de VP s’est impose´e, notamment
comme une composante souvent associe´e aux e´ve´nements de forte pre´cipitation sur les
Alpes (Martius et al. 2006, Hoinka et al. 2006). Bon nombre de ces panaches subissent
finalement, lors de leur passage au dessus des Alpes, une se´paration de leur extre´mite´
sud qui donne naissance a` une anomalie positive isole´e derrie`re la montagne, au dessus
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du golfe de Ge`nes (Buzzi et al. 2003, Hoinka et al. 2003, Hoinka et Davies 2007). Ce
type d’e´volution est semble-t-il souvent associe´ a` un e´ve´nement de cycloge´ne`se alpine.
C’est le cas de l’IOP 15 de MAP, dont la Fig. 1.9 pre´sente l’e´volution du panache de VP,
vue par les analyses du Centre Europe´en (Hoinka et Davies 2007). La compre´hension
des me´canismes lie´s a` la pre´sence de la montagne et qui conduisent a` cette rupture
du panache de VP peut constituer un autre angle d’approche de la cycloge´ne`se de
montagne, a` travers la recherche de phe´nome`nes capables de redistribuer la VP. A
cet e´gard, le de´ferlement des ondes de gravite´ dans la troposphe`re moyenne est l’un
des principaux candidats. Les premie`res e´tudes concernant cette question, pour des
cas ide´alise´s (Morgenstern et Davies 1999) ou a` partir de cas re´els (Morgenstern et
Davies 1999, Buzzi et al. 2003, Hoinka et al. 2003), montrent que les effets orogra-
phiques directs (ondes de montagne et de´ferlement) et les effets diabatiques lie´s aux
pre´cipitations contribuent chacun de fac¸on comparable a` ce sectionnement du panache
de VP.
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1.4 Parame´trisation des effets montagneux d’e´chelle
sous-maille
Apre`s avoir entrevu la diversite´ et la complexite´ des phe´nome`nes dynamiques mon-
tagneux et leur influence possible sur la me´te´orologie locale ou globale, et la climatolo-
gie, la question qui s’impose est de savoir comment en rendre compte correctement dans
les Mode`les Nume´riques de Pre´vision du Temps (MNPT),utilise´s en me´te´orologie, et les
Mode`les de Circulation Ge´ne´rale de l’Atmosphe`re (MCGA) utilise´s dans les mode`les
climatiques10.
Par exemple, nous avons vu que les montagnes peuvent ge´ne´rer des ondes de gra-
vite´ et d’inertie gravite´, qui en de´ferlant peuvent modifier le bilan local d’e´nergie ou de
quantite´ de mouvement. Or les longueurs d’onde horizontales implique´es varient typi-
quement de 10 a` quelques centaines de kilome`tres, alors que la pre´cision des meilleurs
MNPT et MCGA actuels ne permet pas de de´crire correctement des longueurs d’ondes
infe´rieures respectivement a` la cinquantaine et a` la centaine de km11. Sur la verticale,
le cisaillement du vent de base peut faire varier fortement la longueur d’onde. Par
exemple, dans la stratosphe`re, on atteint des longueurs d’ondes verticales de l’ordre
du kilome`tre. Une re´solution encore supe´rieure serait ne´cessaire pour de´crire les in-
teractions dissipatives de ces ondes avec l’e´coulement moyen (de´ferlement, couches
critiques). On touche donc encore la limite actuelle des mode`les 12. Enfin, les ondes de
gravite´ courtes sont des mouvements rapides, dont les pe´riodes peuvent atteindre 5 a`
10 minutes, ce qui est infe´rieur aux pas de temps actuels13.
Par conse´quent, une partie importante du spectre de ces ondes est sous-estime´e
ou comple`tement ignore´e par les e´quations dynamiques des mode`les. Ceci est indique´
sche´matiquement dans la Fig. 1.10 (Kim et al. 2003). De ce point de vue, la pre´cision
des meilleurs mode`les actuels ne doit pas faire illusion. Les ondes les plus courtes
ont probablement la plus grande influence dynamique. Il faudrait multiplier environ
par 10 la pre´cision des mode`les actuels pour re´soudre correctement le spectre des
ondes de montagne internes, c’est-a`-dire propagatives. Ensuite, la re´solution directe
des processus de saturation demande d’acce´der a` des e´chelles encore nettement plus
petites. Par exemple, les couches critiques observe´es dans l’atmosphe`re peuvent eˆtre
tre`s fines, de l’ordre de 50 a` 200m (Kim et al. 2003).
Pour cette raison, on doit inclure dans les mode`les non pas ces ondes, mais leur effets
sur l’e´coulement de grande e´chelle (qui lui est re´solu), sous forme de parame´trisations.
Concreˆtement, cela signifie qu’on ajoute aux e´quations du mouvement une force locale
qui rend compte de l’action sur le bilan de quantite´ de mouvement, ainsi qu’un terme de
diffusion turbulente verticale pour les e´quations de transport de la chaleur ou d’autres
traceurs. En ce qui concerne les ondes de montagnes, on parle alors de parame´trisation
de l’Orographie d’Echelle Sous-Maille (OESM). Notons que les ondes peuvent induire
d’autres effets, tels que la diffusion de la quantite´ de mouvement, ou un chauffage
10Avec l’ame´lioration progressive de la puissance de calcul, la distinction entre MNPT et MCG
tend a` se re´duire de plus en plus. Ne´anmoins, de fac¸on ge´ne´rale les MNPT privile´gient la finesse de
la re´solution spatiale et temporelle ainsi que les me´thodes d’assimilation, quand les MCG ont des
re´solution moindres mais une atmosphe`re plus haute et des sche´mas de parame´trisation plus riches.
11La dernie`re version de´terministe du mode`le du centre europe´en (ECMWF) utilise 799 harmoniques
sphe´riques, soit une re´solution de l’ordre de 25km.
12ECMWF nouvelle version : 91 niveaux verticaux ! soit une quarantaine de niveaux dans la stra-
tosphe`re.
13ECMWF nouvelle version : pas de temps de 12 minutes.
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Fig. 1.10 – Sche´ma ge´ne´ral du spectre des OG orographiques en lien avec la re´solution des
mode`les (Kim et al. 2003). Le profil vertical typique du nombre de Scorer S(z) (de´nomme´
ici l2) est repre´sente´ par la ligne continue l2 = k2 (ou` k est le nombre d’onde angulaire),
se´parant les ondes propagatives a` droite (internal waves) des ondes e´vanescentes a` gauche
(external waves).
local, qui ont e´te´ jusqu’ici ne´glige´s dans les parame´trisations. Il semble d’ailleurs que
la question du chauffage par les ondes dans la me´sosphe`re redevienne d’actualite´ (Fritts
et Alexander 2003). On remarquera que de fac¸on ge´ne´rale, tous ces effets physiques
sont la conse´quence de processus dissipatifs d’e´chelle sous-maille, qui se traduisent
notamment par une production de vorticite´ potentielle. Dans cette the`se nous ne nous
inte´resserons qu’a` l’effet de la force exerce´e par les ondes de montagne.
1.4.1 Effets montagneux de grande e´chelle : notion d’orogra-
phie enveloppe
Au de´but des anne´es 80, l’ame´lioration de la re´solution des mode`les a fait apparaˆıtre
des erreurs syste´matiques sur les vents d’ouest dans le mode`le du centre europe´en. Cela
a conduit Wallace et al. (1983) a` introduire une orographie enveloppe sur les massifs
montagneux, qui ame´liorera les choses. Cette technique tend a` rendre compte du fait
qu’aux petites e´chelles du relief, l’e´coulement atmosphe´rique tend a` eˆtre bloque´ dans
les valle´es, formant une zone de couche limite qui force l’e´coulement de grande e´chelle
a` s’e´lever au dessus des plus hauts pics. Le choix d’une orographie moyenne dans le
mode`le devait donc sous-estimer l’impact des reliefs re´els. On lui ajouta donc une
enveloppe, dont l’e´paisseur est fonction de la variance de l’e´levation du sol.
Les progre`s obtenus tenaient en fait essentiellement a` une meilleure repre´sentation
des ondes plane´taires (Tibaldi 1986), les ondes de gravite´ exerc¸ant leur contrainte de
fac¸on pre´dominante a` des e´chelles largement sous-maille a` l’e´poque (re´solution horizon-
tale au mieux de 2.5˚ ). Notons qu’aujourd’hui les ondes plane´taires sont relativement
bien re´solues, contrairement aux ondes de gravite´ (cf Fig. 1.10, a` l’extreˆme droite
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du diagramme). Mais cette me´thode pre´sente de nombreux inconve´nients, a` commen-
cer par sa rigidite´ : elle modifie globalement et de´finitivement la hauteur de la surface,
toutes saisons confondues, ne laissant pas la possibilite´ de moduler l’effet orographique
en fonction des conditions climatiques et encore moins me´te´orologiques, notamment
en ce qui concerne le vent de surface et la stratification. D’autre part, a` des re´solutions
aussi grossie`res elle ne permet toujours pas de rendre compte de la contrainte exerce´e
par les ondes de montagne (cf 1.4.3). Inversement, elle pose des proble`mes lorsque la
re´solution est augmente´e (Clark et Miller 1991). Par ailleurs, elle ne´glige la turbulence
qui peut exister au voisinage des sommets importants, elle peut conduire a` une sur-
estimation des pre´cipitations, et nuire au bilan radiatif (Lott et Miller, 1997b). Enfin,
en supprimant une partie de l’espace re´el, cette me´thode contraint a` se priver des
donne´es expe´rimentales proches de la surface dans le cadre de l’assimilation. Meˆme
si le me´canisme qui lui est associe´ semble pertinent y compris dans un contexte plus
moderne (Kim, 1996), elle fut progressivement abandonne´e.
1.4.2 Effets montagneux de tre`s petite e´chelle : friction de
surface
Pour des e´chelles orographiques tre`s petites, infe´rieures a` 5 a` 10km (cf Fig. 1.10,
a` l’extreˆme gauche du diagramme), les ondes de montagne ne sont plus propaga-
tives, et la re´ponse de l’atmosphe`re devient facilement nonline´aire, son comportement
e´tant controˆle´ par la pente de l’orographie. On entre dans le domaine de la couche
limite plane´taire, et l’e´coulement est turbulent (Taylor 1977, Grant et Mason 1990).
Dans ce contexte, la force exerce´e par la montagne sur l’e´coulement de grande e´chelle
prend alors la forme d’une force de re´action hydraulique par un obstacle de taille
caracte´ristique l, quadratique en la vitesse (form drag).
C ρ lU2 , (1.9)
ou` C est une constante (Taylor 1977, Wood et Mason 1993). La longueur l qui apparaˆıt
est alors appele´e e´chelle de rugosite´ de la surface.
C’est pourquoi la premie`re repre´sentation de l’OESM dans les mode`les consistait a`
augmenter cette e´chelle de rugosite´ au dessus des montagnes (Tibaldi et Geleyn 1981,
Mason 1985, Taylor et al. 1989, Wood et Mason 1993). Ce type de traˆıne´e est toujours
utilise´ aujourd’hui dans cette partie du spectre (Beljaars et al. 2004).
1.4.3 Contrainte des ondes de gravite´
On s’inte´resse maintenant a` l’ensemble des OG internes excite´es par la topographie,
c’est-a`-dire la partie centrale du diagramme de la Fig. 1.10. Suite aux travaux fonda-
teurs de Sawyer (1959, imple´mentation de l’orographie dans les mode`les), de Eliassen et
Palm (1961) et Bretherton (1969), l’ide´e qu’une repre´sentation simple de la contrainte
des OG pouvait avoir un impact be´ne´fique dans les MCGA a d’abord e´te´ propose´e
par Lilly (1972). Aujourd’hui, la question de la parame´trisation des OG s’e´tend a` des
sources autres que l’orographie (convection, jets...). Cependant, il est notable que dans
toute cette e´volution, la question du roˆle des montagnes a e´te´ le point de de´part de
cette prise de conscience, puis le point d’ancrage des de´veloppements the´oriques et
applique´s. L’histoire des sche´mas de parame´trisation des OG est largement domine´e,
notamment pendant les anne´es 80 et 90, par la prise en compte des ondes de montagne.
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En te´moigne le premier sche´ma, imple´mente´ par Boer et al. (1984) dans le GCMA du
Centre Canadien du Climat. La parame´trisation des autres sources d’OG en est en-
core actuellement a` ses balbutiements (Fritts et Alexander 2003). Cela tient sans doute
essentiellement au fait que la quantification et la localisation des sources d’OG est net-
tement plus aise´e dans le cas orographique que dans les autres me´canismes, meˆme si
la suite nous montrera que le proble`me est de´ja` tre`s complexe.
a) Ge´ne´ralite´s : parame´trisation des ondes de gravite´
Le de´veloppement des sche´mas de parame´trisation des OG a e´te´ fortement marque´
par les travaux fondateurs de Lindzen (1981) et Holton (1982) notamment, a` tel point
que les sche´mas de premie`re ge´ne´ration sont dits de “type Lindzen”, ou de´rive´s. Plus
ge´ne´ralement tous les sche´mas des anne´es 80 et de´but 90 ont une approche commune
que nous appelerons de type discre`te (single wave theory), et dont le type Lindzen est
un cas particulier. Cette cate´gorie est encore largement dominante actuellement. Mais
on a vu naˆıtre dans les anne´es 90 un autre type d’approche qualifie´ de spectrale.
Me´thode discre`te :
La me´thode discre`te conside`re l’e´mission dans l’espace physique d’une ou plusieurs
OG monochromatique(s) d’amplitude prescrite, a` partir d’une source localise´e sur un
point de grille (en surface pour l’orographie, en altitude pour la convection). Il s’agit
ensuite de de´terminer le profil vertical du flux de quantite´ de mouvement ρ0u′w′ pour
en de´duire celui de la force par l’Eq. (1.6), ainsi que le profil de la diffusivite´ turbulente
verticale Kzz, le tout en fonction de l’e´coulement de grande e´chelle a` l’instant t et dans
la meˆme colonne, notamment les profils de vent et de stratification.
Par exemple, Lindzen (1981) se place dans le cadre 2D line´aire, sous l’approxima-
tion WKB (milieu lentement variable), et de´termine la hauteur de de´ferlement zb d’une
OG pure stationnaire et monochromatique a` partir du crite`re d’instabilite´ convective.
Il suppose ensuite qu’au dela` de ce niveau, l’onde reste nonline´aire et sature´e, margi-
nalement instable, et la turbulence qu’elle induit s’oppose a` sa croissance exponentielle
naturelle duˆe a` la de´croissance verticale en densite´. Cette hypothe`se de saturation par
diffusion turbulente fourni l’e´volution du flux de quantite´ de mouvement avec l’alti-
tude entre le premier niveau de de´ferlement zb, et un e´ventuel niveau critique zc situe´
a` haute altitude, au-dela` duquel le flux doit eˆtre en principe nul.
Il est notable que malgre´ les hypothe`ses extreˆmement simplificatrices de cette ap-
proche, elle est relativement efficace, et toujours d’actualite´. Notamment, toutes les
parame´trisations d’OG sont monodimensionnelles, au sens ou` elles supposent une pro-
pagation uniquement verticale des OG et ne´gligent les effets lie´s aux variations hori-
zontales du milieu, ainsi que les effets de dispersion lors de l’e´mission par un relief 3D,
dans un vent e´ventuellement 3D lui aussi (Shutts, 1998). La plupart reposent aussi
sur l’hypothe`se hydrostatique (sauf pour les ondes pie´ge´es), l’approximation d’OG
pure (rotation ne´glige´e), et l’hypothe`se de milieu lentement variable ne´cessaire a` l’ap-
proximation de l’optique ge´ome´trique (ou WKB), qui sous-tend la the´orie des rayons
(Whitham 1974, Lighthill 1978). Sachant que les ondes de montagnes typiques ont
une longueur d’onde verticale de plusieurs kilome`tres, l’approximation WKB paraˆıt
grossie`re. On ne sait toutefois pas faire grand chose d’autre qui puisse rester simple
dans un contexte atmosphe´rique re´el.
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Me´thode spectrale :
Dans les me´thodes spectrales, on se place dans l’espace de Fourier et on conside`re
le spectre des OG existantes. Ceci permet notamment de traiter individuellement la
saturation onde par onde. On peut plutoˆt les rattacher, dans une certaine mesure,
aux travaux de Lindzen et Holton (1968), de´montrant l’origine de l’oscillation quasi
bi-annuelle (QBO) dans le forc¸age du vent zonal par les OG ge´ne´re´es par la convection
tropicale. Elles sont donc naturellement de´die´es a` la parame´trisation des OG dont les
sources sont plus difficilement quantifiables et/ou localisables que l’orographie, telles
que la convection, ou les instabilite´s de jet. Elles sont aussi plus adapte´es au traitement
des ondes non stationnaires. On introduit alors des spectres qui sont repre´sentatifs
des spectres observe´s (ex : Hines 1997a et b, Medvedev et Klaassen 2000, Warner et
McIntyre 2001) ou des spectres arbitraires (Alexander et Dunkerton 1999).
b) Sche´mas de premie`re ge´ne´ration : la contrainte line´aire
Dans les anne´es 80, la plupart des sche´mas de parame´trisation des OG duˆes a`
l’OESM s’inspiraient alors fortement des travaux de Lindzen (1981). On e´value la
traine´e au niveau de la surface d’un ensemble fini d’OG pures d’e´chelle sous-maille
(souvent une seule), dans le cadre 2D line´aire hydrostatique. On obtient une loi du
type
−ρ0N0 U0H2 ex (1.10)
pour un obstacle de hauteur H soumis a` un vent moyen U0 ex de stratification N0
uniformes selon z. La quantite´ de mouvement est alors de´pose´e dans la meˆme direction
que la contrainte de surface au dela` d’un niveau de de´ferlement de´termine´ a` partir d’un
crite`re d’instabilite´ convective, et en suivant une hypothe`se de saturation non line´aire
sur le flux.
Suite au premier sche´ma imple´mente´ par Boer et al. (1984), sans hypothe`se de
saturation (profil line´aire), Chouinard et al. (1986) pre´sente`rent un sche´ma utilisant
la variance de l’OESM pour e´valuer l’amplitude initiale de l’onde, et dans lequel le
nombre de Froude inverse local est cette fois utilise´ pour mesurer la nonline´arite´ des
ondes et distribuer verticalement la contrainte. Puis Palmer et al. (1986) et McFarlane
(1987) de´veloppe`rent inde´pendemment deux sche´mas ressemblants, en utilisant l’hy-
pothe`se de saturation de Lindzen (1981), sche´mas qui inspire`rent de multiples e´tudes
par la suite. Il est notable qu’a` l’e´poque, on essayait de´ja` de prendre en compte les
effets de blocage des basses couches de l’e´coulement a` bas nombre de Froude, soit en
de´finissant un critie`re limitant la de´viation standard de l’orographie sous-maille uti-
lise´e (Palmer et al. 1986., Miller et Palmer 1986, McFarlane 1987, McFarlane et al.
1987), soit en introduisant une fonction de modulation du flux pour repre´senter la
transition en fonction du nombre de Froude (Pierrehumbert 1986, Stern et al. 1987,
Stern et Pierrehumbert 1988, Alpert et al. 1988). En outre, Palmer et Miller (1986)
et Miller et al. (1989) introduisirent une variance de l’OESM de´pendant de l’azimuth,
c’est-a`-dire une premie`re repre´sentation de l’anisotropie du relief.
L’introduction de ces parame´trisations prenant en compte la contrainte des OG
de montagne s’ave`ra alors efficace pour corriger des de´fauts qui survenaient avec
l’ame´lioration de la re´solution des mode`les dans la fin des anne´es 70 et de´but 80.
A l’e´poque en effet, on observe une dure´e de vie des de´pressions synoptiques trop
longue sur les continents (Palmer et al. 86). D’un point de vue climatologique, cela
se traduit par des vents d’ouest troposphe´riques trop forts aux moyennes et hautes
latitudes pendant les hivers de l’he´misphe`re nord, associe´s a` un biais froid dans la
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basse stratosphe`re a` haute latitude. D’un point de vue dynamique, on interpre`te alors
cette de´gradation par le fait que le flux me´ridien de moment cine´tique vers les poles,
porte´ par les tourbillons baroclines de grande e´chelle, se trouve mieux repre´sente´ et
de fait intensifie´, alors que le transfert de moment cine´tique entre l’atmosphe`re et la
Terre solide par les ondes de gravite´ est toujours absent du bilan. Les deux erreurs ne
peuvent donc plus se compenser comme c’e´tait le cas dans les anciens mode`les a` faible
re´solution. En passant, c’est aussi dans ce contexte que l’on essaya d’abord infructueu-
sement d’augmenter la force de friction des montagnes (Swinbank, 1985) (cf 1.4.2), et
qu’on introduisit une orographie enveloppe (cf 1.4.1).
L’application d’une contrainte par les OG permet de de´placer le jet vers les basses
latitudes, tout en le se´parant du vortex polaire, qui se trouve freine´ dans la basse
stratosphe`re (Palmer et al. 1986, McFarlane 1987). Cette contrainte induit, par un
me´canisme de type de´rive d’Ekman, une circulation re´siduelle me´ridienne vers le poˆle
(cf Fig. 1.5), a` laquelle sont associe´s un e´chauffement dans la basse stratosphe`re polaire.
Tous ces effets sont visibles dans la Fig. 1.11, extraite de Palmer et al. 1986.
c) Prise en compte des effets orographiques nonline´aires et 3D
Comme nous l’avons vu, l’e´coulement au dessus d’un obstacle devient non line´aire
au dela` d’un nombre de Froude inverse 1/Fr de l’ordre de 1 (Eq. (1.2)). Dans ces
conditions, l’application de la formule de l’Eq. (1.10) n’est plus ve´rifie´e. En re´alite´, le
comportement des fluides en e´coulement sur un obstacle a` faible nombre de Froude
donne lieu a` des re´gimes varie´s, et souvent tre`s sensibles aux divers parame`tres de
l’orographie ou de l’e´coulement. Par exemple, l’apparition a` bas niveau et en aval
d’une zone de de´ferlement de l’onde de montagne de´pend fortement de la ge´ome´trie de
l’obstacle. Une montagne 3D a tendance a` disperser l’e´nergie rayonne´e dans plusieurs
directions, alors qu’une montagne 2D concentre le rayonnement qui a lieu le long de
son axe (Hines, 1988). D’autre part, la possibilite´ ou non de contourner l’obstacle in-
fluence aussi l’apparition du de´ferlement. Enfin, pour une montagne 3D anisotrope, le
rapport d’aspect horizontal reste un parame`tre sensible (Smith, 1989a).
Les observations issues des campagnes de mesure des anne´es 80 (ex : PYREX,
Bougeault et al. 1997) et l’apparition des simulations non line´aires nume´riques a` me´so-
e´chelle (ex : Stein 1992, Miranda et James 1992, O´lafsson et Bougeault 1996, 1997,
Scha¨r et Durran 1997), ont toutefois fait conside´rablement avancer cette question, tout
au moins en ce qui concerne les e´coulements a` vent et stratification uniformes. On peut
en tirer un comportement ge´ne´rique simplifie´, constitue´ de trois re´gimes distincts pour
la force de pression de surface en fonction du nombre de Froude inverse, sche´matise´
sur la Fig. 1.12 par Scinocca et McFarlane (2000). Pour le comprendre, il est utile de
remarquer que 1Fr repre´sente non seulement la hauteur adimensionne´e de la montagne,
mais aussi l’importance effective de la stratification sur l’e´coulement.
Re´gime 1 (“libre”) : En re´gime line´aire (Fr grand), le phe´nome`ne physique do-
minant est le transport vertical de quantite´ de mouvement horizontale par l’onde, dont
le flux contre-balance exactement la force de pression de surface. D’apre`s l’Eq. (1.10),
cette force est proportionnelle a`
U30
N0Fr
2 . (1.11)
Re´gime 2 (“de´ferlement”) : Mais lorsque Fr passe en dessous d’une valeur
30 Introduction
Fig. 1.11 – Climatologies des moyennes zonales du vent zonal et de la tempe´rature, pour
le mois de Janvier (Palmer et al. 1986) : a) simule´e avec le GCM du Meteorological Office
(UK) sans parame´trisation des OG, b) issue des re´analyses du Met Office (Janvier 1984), c)
simule´e avec le GCM du Met Office avec parame´trisation des OG.
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Fig. 1.12 – Evolution sche´matique de la force de pression de surface en fonction du nombre
de Froude inverse, pour des e´coulement a` profils de vent U et de stratification N uniformes
force´s par une montagne (Scinocca et McFarlane, 2000). Ce diagramme fait apparaˆıtre qua-
litativement trois re´gimes distincts d’e´coulement. La valeur de la force de pression est adi-
mensionnalise´e par sa valeur the´orique pour le meˆme obstacle dans le cadre line´aire de pro-
pagation libre des OG, c’est-a`-dire αN0U0H
2 = U30 /(N0Fr
2), avec Fr = U0/(N0H).
critique Frc (de l’ordre de 1), alors l’onde commence a` de´ferler dans sa premie`re lon-
gueur d’onde verticale, ce qui induit une redistribution de la quantite´ de mouvement
horizontale en dessous de la couche me´lange´e ainsi cre´e´e (cela peut se comprendre
qualitativement en terme de re´flexion dans le cadre de la the´orie des rayons). Dans
ces conditions, souvent associe´es a` l’effet de Foehn sec comme cite´ plus haut (1.2.1),
la force de pression de surface peut augmenter fortement par pie´geage et amplification
re´sonnante de l’onde (Peltier et Clark 1979, Durran et Klemp 1987, Bacmeister et Pier-
rehumbert 1988). Il en re´sulte qu’une partie importante de la quantite´ de mouvement
est alors de´pose´e dans les basses couches, notamment a` travers l’e´mission e´ventuelle
d’ondes pie´ge´es en aval (Bretherton 1969, Durran 1995b, Lott 1998, Georgelin et Lott
2001), ne laissant s’e´chapper au dessus de la zone de de´ferlement qu’un flux re´siduel
que l’on peut e´valuer par (Peltier et Clark 1984, O´lafsson et Bougeault 1996)
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Re´gime 3 (“blocage”) : Une nouvelle transition se produit pour une montagne
encore plus haute ou une stratification encore plus forte (Fr tre`s petit), vers un re´gime
caracte´rise´ par une dynamique concentre´e au voisinage de la surface, offrant une analo-
gie forte avec les e´coulements hydrauliques dans le cas des fluides peu profonds (Durran,
1986a). Notamment, le fluide dans les basses couches ne peut plus s’e´lever au dessus
de l’obstacle, donc se se´pare et s’e´coule autour (Fig. 1.13). Son comportement est alors
domine´ par les phe´nome`nes de blocage en amont (Pierrehumbert et Wyman, 1985),
l’apparition d’une paire de vortex de sillage, et e´ventuellement l’e´mission pe´riodique
de vortex (Scha¨r et Smith 1993a et b, O´lafsson et Bougeault 1996, Scha¨r et Durran
1997). La contrainte au sol est alors repre´sente´e par une force de blocage (Eq. (1.9)), et
la quantite´ de mouvement transporte´e verticalement est tre`s faible. Notons que dans
le cas 2D, les re´gimes 2 et 3 peuvent cohabiter (Pierrehumbert et Wyman, 1985).
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Fig. 1.13 – Repre´sentation sche´matique du comportement de l’e´coulement en cas de blocage
de bas niveau (re´gime 3), dans le cadre du sche´ma de Lott et Miller (1997). La plus basse
couche isentrope a` ne pas subir de se´paration de l’e´coulement par le relief est repe´re´e par
l’altitude zb.
Cette de´composition en trois re´gimes forme l’ossature de l’actuel sche´ma de pa-
rame´trisation de l’OESM du GCMA de troisie`me ge´ne´ration du Centre Canadien du
Climat (Scinocca et McFarlane, 2000). Ce sche´ma de´compose donc la contrainte de
surface en trois composantes. La premie`re repre´sente le flux vertical de quantite´ de
mouvement par l’OG, qui sature pour Fr<Frc en un flux re´siduel. La seconde pa-
rame´trise la re´sonnance et l’effet des ondes pie´ge´es dans le re´gime 2. La troisie`me
repre´sente l’effet de blocage apparaissant a` petit Fr. Cet aboutissement a bien suˆr
profite´ des avance´es successives des sche´mas des anne´es 90, qui ont progressivement
ame´liore´ la prise en compte de tous ces effets.
Bacmeister (1993) est le premier a` prendre en compte le fait qu’un relief anisotrope
ge´ne`re une contrainte line´aire de surface qui n’est pas force´ment paralle`le au vent de
surface, et contient donc une portance. Il se limite cependant a` prendre en compte
l’axe de bi-dimensionnalite´ de l’OESM.
Kim et Arakawa (1995) remarquent l’occurence fre´quente du re´gime de de´ferlement
(2) dans les cas re´els, via des simulations 2D. Ils proposent une ame´lioration en prenant
en compte, en plus du nombre de Froude, l’anisotropie et la convexite´ des pics dans la
repre´sentation statistique de l’OESM, de fac¸on a` augmenter si besoin le drag dans les
basses couches. En effet, le seul nombre de Froude ne permet pas de distinguer entre
un effet de blocage en amont, qui re´duit la contrainte de l’onde, et du de´ferlement en
aval, qui l’augmente.
Le sche´ma de Lott et Miller (1997) propose deux avance´es importantes. D’une part,
sur la base des travaux de Miller et al. (1989) et Baines et Palmer (1990), il ame´liore
la repre´sentation des effets de l’anisotropie de l’OESM sur le flux vertical de quantite´
de mouvement. Pour cela, on ajuste les proprie´te´s statistiques de l’OESM associe´e a`
chaque point de grille sur un mode`le d’obstacle ellipso¨ıdal, pour lequel on sait calculer
la contrainte de surface line´aire d’apre`s Philipps (1984). L’amplitude et la direction de
la contrainte de´pendent donc de l’orientation du vent de surface par rapport aux axes
caracte´ristiques de l’e´llipso¨ıde. De plus, comme pour Bacmeister (1993), elle contient
une portance. D’autre part, en s’inspirant de Baines et Palmer (1990), il introduit une
force de profil (Eq. (1.9)) pour rendre compte du blocage des basses couches a` faible
Fr, avec une e´valuation dynamique de la hauteur de fluide bloque´ (Fig. 1.13), et une
prise en compte de la variation du profil de l’obstacle en fonction de l’inclinaison du
vent de surface. De plus, le re´glage des parame`tres est ajuste´ a` partir des donne´es de
la campagne PYREX. La perte de flux de quantite´ de mouvement a` bas niveau duˆe
aux ondes pie´ge´es sera aussi repre´sente´e de fac¸on simple plus tard (Lott 1999).
Le sche´ma de Gregory et al. (1998) prend aussi en compte les effets cite´s plus
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haut, graˆce a` une de´pendance simple de la contrainte de surface en Fr. Malheureuse-
ment, la contrainte y est partout paralle`le au vent de surface. Par contre, un mode`le a`
deux couches est introduit pour de´terminer et quantifier plus pre´cise´ment le roˆle des
ondes pie´ge´es. L’originalite´ de ce sche´ma re´side aussi dans le traitement spectral des
proprie´te´s statistiques de l’OESM. Leur approche, qui est ne´anmoins aussi de type
discre`te (on applique une condition de de´ferlement sur le flux total), ouvre ainsi le
champ a` des me´thodes de parame´trisation spectrales ou mixtes, comme Alexander et
Dunkerton (1999).
En plus de sa structure en trois composantes, le sche´ma de Scinocca et McFarlane
(2000) comporte plusieurs avance´es importantes. D’abord la repre´sentation ellipso¨ıdale
de l’OESM est conserve´e, mais applique´e a` un jeu de donne´es topographiques 2 fois plus
pre´cises que Lott et Miller (1997) (ETOPO5, 5’ de pre´cision). Plus important, on ajoute
deux parame`tres qui caracte´risent la bi-dimensionnalite´ de l’OESM a` chaque point de
grille. Cela va servir ensuite a` de´composer la force de profil (re´gime “blocage”) en deux
composantes inde´pendantes, et ainsi d’introduire une portance a` tre`s bas niveau, cause´e
par le blocage. Enfin, le flux vertical de quantite´ de mouvement horizontale porte´ par
l’OG est de´compose´ en deux ondes repre´sentant chacune l’effet d’une moitie´ de l’espace
sous-maille du point de grille. En traitant inde´pendemment l’e´volution verticale de
ces deux composantes, on rend mieux compte de l’effet d’un vent 3D tournant avec
l’altitude. En effet, dans tous les sche´mas pre´ce´dents, la contrainte e´tait porte´e par
un unique vecteur paralle`le a` la contrainte au sol. Une extinction brutale a` un niveau
critique, ou` le vent est perpendiculaire a` la contrainte, est donc possible, causant un
de´poˆt de quantite´ de mouvement excessif sur une couche trop fine. L’existence de deux
ondes permet ainsi de mieux distribuer verticalement la force.
1.4.4 De l’importance de la portance... et des niveaux cri-
tiques directionnels
Nous avons vu que, parmi l’ensemble des ame´liorations re´centes de la parame´trisation
de l’OESM, la prise en compte progressive du fait que la force exerce´e par la topogra-
phie n’est pas syste´matiquement paralle`le au vent de surface tient une place impor-
tante. Pre´cise´mment, c’est la prise en compte de l’anisotropie du relief qui a introduit
un angle entre le vent et la contrainte.
Lott (1999) a insiste´ sur l’utilite´ de bien e´quilibrer la re´partition entre traˆıne´e et
portance, en introduisant si besoin des forces de portance supple´mentaires dans les
parame´trisations. Il montre en effet, a` l’aide du GCMA du LMD14 qu’aux grandes
e´chelles, l’application d’une portance explicite sur un sol plat a` la place des mon-
tagnes rend compte relativement bien de l’effet des grandes chaˆınes de montagnes sur
les ondes plane´taires, qui est lie´ a` la compression des colonnes de fluide. Il confirme
en cela le the´ore`me propose´ par Smith (1979c), qui stipule que dans la limite quasi-
ge´ostrophique et sous l’approximation “eau peu profonde”, l’application d’un forc¸age
par une e´le´vation de l’orographie a, au premier ordre, un effet rigoureusement e´quivalent
a` celui d’une force perpendiculaire au vent.
A plus petite e´chelle, l’existence d’un vent tournant avec l’altitude donne lieu, en
pre´sence d’un spectre polychromatique d’OG orographiques, a` des niveaux critiques
directionnels. Ceux-ci ont la particularite´ d’induire, dans la zone ou` ils se concentrent,
14LMDz. Laboratoire de Me´te´orologie Dynamique, France.
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une force perpendiculaire au vent a` toute altitude, par se´lection azymuthale du flux
vertical de quantite´ de mouvement (Shutts 1995, Broad 1995). Autrement dit, dans
ces conditions on obtient une portance qui non seulement est situe´e en altitude au
dessus de la montagne, mais qui de plus tourne avec le vent. Or, toute montagne
isole´e ou toute portion d’OESM ge´ne`re un spectre polychromatique d’OG plus ou
moins riche. Et on observe relativement fre´quemment des situations de vent tournant
avec l’altitude, notamment dans la troposphe`re a` l’approche d’un front ge´ne´re´ par
une perturbation synoptique. Comme nous l’avons e´voque´, ce phe´nome`ne de se´lection
azymuthale est encore tre`s mal repre´sente´ dans les sche´mas actuels, meˆme dans celui
de Scinocca et McFarlane (2000) qui comporte seulement deux ondes. C’est pourquoi
l’e´tude des impacts de ce phe´nome`ne est un des principaux objectifs de cette the`se.
1.4.5 Perspectives pour la parame´trisation des OG de mon-
tagne
Si la se´lection azymuthale est mal repre´sente´e, c’est probablement parce que c’est
typiquement un phe´nome`ne qui gagne a` eˆtre traite´ par une me´thode spectrale. Cela dit,
des ame´liorations des sche´mas discrets pre´sente´s ci-dessus sont toujours possibles. En
te´moignent par exemple les re´cents efforts pour corriger le mode`le de traine´e line´aire
de Philipps (1984) en y introduisant les effets du cisaillement vertical du vent (Teixeira
et Miranda, 2006), ou encore la prise en compte des effets de la rotation sur le blocage
a` bas niveau (Shutts, 1998b). D’autres raisons sont cependant en faveur des me´thodes
spectrales. Par exemple, on conside`re souvent les OG de montagne stationnaires, mais
parfois l’orographie peut ge´ne´rer des ondes non stationnaires (Lott et Teitelbaum 1993,
Nance et Durran 1997), qui sont beaucoup plus faciles a` introduire de fac¸on spectrale
(Alexander et Dunkerton, 1999). D’autre part, dans l’approche discre`te le traitement
inde´pendant d’un nombre fini d’ondes monochromatiques ne´glige l’interaction pos-
sible des ondes entre elles. Notamment, le sche´ma peut sous-e´valuer le de´ferlement si
les grandes ondes modifient significativement l’e´tat de base vu par les courtes, de fac¸on
a` les rendre plus instables (Palmer et al. 1986). Certaines me´thodes spectrales tentent
de rendre compte de certaines interactions ondes-ondes (Hines 1997a et b, Medvedev
et Klaassen 2000), mais pas encore de cette dernie`re malheureusement (Kim et al.
2003).
Une autre piste possible pour l’ame´lioration est de re´ussir a` coupler des sche´mas
qui sont pour l’instant distincts, alors que les processus physiques associe´s ne le sont
pas en re´alite´. On peut remarquer par exemple le lien intime entre la force de friction
de surface et celle des montagnes (Eq. (1.9)) : d’une part l’existence d’une couche li-
mite turbulente tend a` modifier (re´duire semble-t-il) l’amplitude des ondes (Ola´fson et
Bougeault 1997, Doyle et al. 2000, Smith et al 2002), et d’autre part le comportement
nonline´aire des ondes de gravite´ d’e´chelle sous-maille tre`s courte (< 10km) peut inciter
a` augmenter artificiellement l’e´chelle caracte´ristique de rugosite´ dans la traˆıne´e turbu-
lente de surface (section 1.4.2). Cela laisse penser qu’il serait judicieux de coupler ces
deux forces a` l’avenir. De meˆme, le couplage des sche´mas de parame´trisation des OGs
de source orographique et convective commence a` eˆtre d’actualite´, tant les processus
de pre´cipitation et de propagation sont interde´pendants (Kim et al. 2003).
Comme nous l’avons remarque´ plus haut, la parame´trisation des OG n’est pas
pre`s de disparaˆıtre avec l’ame´lioration des performances nume´riques. A moyen terme
1.4 Parame´trisation des effets montagneux d’e´chelle sous-maille 35
c’est d’ailleurs plutoˆt le contraire, car le fait que les mode`les re´solvent une partie
croissante du spectre des OGs ne simplifie pas force´ment le proble`me. D’abord cela
peut contraindre a` un nouveau re´glage des parame`tres d’ajustage des sche´mas de
parame´trisation. Ensuite, l’importance re´cemment accorde´e au me´canisme de controˆle
par le haut dans l’atmosphe`re (cf section 1.2.5) dans les efforts pour pre´voir le temps a`
long-terme (plus d’une semaine), conduit a` la ne´cessite´ de re´hausser le toit des mode`les,
d’ame´liorer la re´solution verticale, et de mieux parame´triser le roˆle des OG dans cette
re´gion. Cela induit automatiquement une diminution du pas de temps car les vents sont
plus intenses en altitude. Dans ces conditions, l’hypothe`se de staticite´ de l’e´coulement
de base dans toute la colonne du mode`le, qui est toujours employe´e pour propager
les OG, devient de moins en moins valable. Un pas de temps trop court contribue
aussi a` l’augmentation de la variabilite´ temporelle de la contrainte des OG dans les
mode`les, notamment parce que certaines ondes sont maintenant re´solues. Cela ne rend
cependant pas compte de fac¸on correcte des interactions ondes-ondes cite´es plus haut
(Kim et al. 2003). Donc nul doute que cette the´matique nous fournisse de nouveaux
de´fis the´oriques pour les anne´es a` venir.
Par exemple, la nature monodimensionnelle verticale de tous les sche´mas de pa-
rame´trisation des OG (orographiques ou non) dans les mode`les repre´sente une li-
mite se´rieuse, toutes me´thodes confondues (discre`tes ou spectrales). En ce qui nous
concerne, la dispersion late´rale anisotrope des OG force´es par un relief 3D, en pre´sence
de rotation ou non (Smith 1979b, Shutts 1998a), est susceptible de re´duire la contrainte
en altitude par rapport a` celle propose´e par les sche´mas actuels (Shutts 1998a, Broad
1999, Broutman et al. 2001). Cela justifie la poursuite des efforts the´oriques pour
comprendre l’influence des OG de montagne sur les grandes e´chelles, notamment en
pre´sence de niveaux critiques puisque ceux-ci tendent a` accentuer la dispersion late´rale.
Dans ce contexte, l’approche en terme de source de vorticite´ potentielle semble eˆtre
un outil pertinent, d’abord pour comprendre, et peut-eˆtre pour parame´triser. Ce sera
donc l’objet de cette the`se.
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1.5 Questions pose´es et plan de la the`se
Rappelons donc succintement les questions pose´es, auxqelles nous nous inte´resserons
au cours de cette the`se. S’agissant de la force exerce´e par les OG de montagne rencon-
trant des niveaux critiques :
– quelle est l’influence qualitative et quantitative relative a` la cycloge´ne`se de mon-
tagne ?
– plus ge´ne´ralement, en lien avec la question de la parame´trisation, quelle est
l’influence sur les grandes e´chelles et sur la partie balance´e ?
– peut-on qualifier et quantifier la re´partition entre re´ponse balance´e et non ba-
lance´e ?
– concernant la partie non balance´e, quels sont les me´canismes possibles de ge´ne´ra-
tion secondaire d’OIG par les montagnes via cette force, et peut-on les quantifier ?
Le travail pre´sente´ dans cette the`se est constitue´ de trois parties. Toutes ces par-
ties sont des e´tudes ide´alise´es dans le cadre du proble`me de Eady. Dans la premie`re
(chapitre 2), nous analyserons et quantifirons les effets d’une force ge´ne´re´e par des OG
a` des niveaux critiques directionnels, dans le cadre semi-ge´ostrophique line´arise´. Ce
travail constitue une sorte de premie`re approche physique de la parame´trisation des
niveaux critiques directionnels, dans le cadre des grandes e´chelles. Dans la suite, nous
comple´terons cette premie`re approche graˆce a` des simulations 2D aux e´quations primi-
tives, qui nous permettrons d’acce´der aux e´chelles sous-synoptiques et me´so-e´chelles. Le
chapitre 3 sera l’occasion d’e´tudier les modes normaux instables du proble`me de Eady
aux e´chelles sous-synoptiques, pour comprendre leur me´canisme d’instabilite´ et leur
me´canisme de saturation nonline´aire. Enfin le chapitre 4 reprendra la proble´matique
du chapitre 2 dans le cadre de ce mode`le 2D, et donnera lieu a` une e´valuation directe
de l’effet des OGs courtes sur l’e´coulement de grande e´chelle.
Chapitre 2
Synoptic responses to mountain
gravity waves breaking at
directional critical levels
Re´sume´
Dans cette partie, nous e´tudions dans le cadre d’un mode`le simple, l’effet sur les e´chelles
synoptiques des ondes de gravite´ (OG) de montagne en pre´sence de niveaux critiques direc-
tionnels. Nous utilisons une version semi-ge´ostrophique line´aire du mode`le de Eady avec ou
sans tropopause, en adaptant le cadre conceptuel de la the´orie de la cycloge´ne`se de montagne
propose´ par Smith (1984). Nous ajoutons donc une force parame´trise´e dans la moyenne tro-
posphe`re, repre´sentant l’action des OGs sur l’e´coulement de grande e´chelle, en pre´sence d’un
massif montagneux isole´. Cette force produit un dipole de Vorticite´ Potentielle (VP) incline´,
qui est progressivement advecte´ et e´tire´ par l’e´coulement de base cisaille´.
Tout d’abord, on conside`re le cas d’un relief ide´alise´ comprenant une variance orogra-
phique de petite e´chelle. En l’absence de tropopause, la re´ponse au sol induite par la VP
est comparable a` la re´ponse duˆe a` l’enveloppe de l’orographie. Dans le cas d’un front froid,
la force des OG produit une le´ge`re de´pression au dessus de la montagne et une creˆte anti-
cyclonique plus intense, qui s’e´tend dans la direction du sillage de la VP. L’effet s’opposant
partiellement a` celui de l’enveloppe orographique, il est juge´ cyclolytique. Dans le cas d’un
front chaud, le motif force´ a` la surface est diffe´rent. La force induit aussi une grande creˆte
anticyclonique sous le dipole de VP, mais qui s’e´tend au dessus de la montagne, et une
de´pression substantielle dans le sillage de surface. L’effet amplifie donc celui des grandes
e´chelles, et notamment il est donc cycloge´ne´tique.
Dans la suite, on ve´rifie la robustesse des pre´ce´dents re´sultats par une se´rie de tests de
sensibilite´. Nous changeons la configuration du relief et de l’e´coulement de base. Puis nous
montrons que l’approximation quasi-ge´ostrophique n’est pas suffisante pour e´valuer correc-
tement les re´ponses en surface, du fait de l’importance de la structure verticale particulie`re
du dipole de VP. Ensuite nous introduisons une tropopause et donc des modes baroclines
instables. Enfin, nous conside´rons le cas d’un spectre orographique plus re´aliste, repre´sentatif
du massif alpin. S’en suit une discussion sur l’inte´reˆt the´orique et pratique de cette e´tude.
Apre`s l’article, on pre´sente certains re´sultats comple´mentaires concernant les simulations
avec tropopause, ouvrant sur la ne´cessite´ d’une approche base´e non plus sur les modes nor-
maux mais sur les modes optimaux.
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ABSTRACT
A heuristic model is used to study the synoptic response to mountain gravity waves (GWs) absorbed at
directional critical levels. The model is a semigeostrophic version of the Eady model for baroclinic insta-
bility adapted by Smith to study lee cyclogenesis. The GWs exert a force on the large-scale flow where they
encounter directional critical levels. This force is taken into account in the model herein and produces
potential vorticity (PV) anomalies in the midtroposphere.
First, the authors consider the case of an idealized mountain range such that the orographic variance is
well separated between small- and large-scale contributions. In the absence of tropopause, the PV produced
by the GW force has a surface impact that is significant compared to the surface response due to the large
scales. For a cold front, the GW force produces a trough over the mountain and a larger-amplitude ridge
immediately downstream. It opposes somehow to the response due to the large scales of the mountain
range, which is anticyclonic aloft and cyclonic downstream. For a warm front, the GW force produces a
ridge over the mountain and a trough downstream; hence it reinforces the response due to the large scales.
Second, the robustness of the previous results is verified by a series of sensitivity tests. The authors change
the specifications of the mountain range and of the background flow. They also repeat some experiments
by including baroclinic instabilities, or by using the quasigeostrophic approximation. Finally, they consider
the case of a small-scale orographic spectrum representative of the Alps.
The significance of the results is discussed in the context of GW parameterization in the general circu-
lation models. The results may also help to interpret the complex PV structures occurring when mountain
gravity waves break in a baroclinic environment.
1. Introduction
The large-scale flow response to the breaking of ver-
tically propagating gravity waves (GWs) has been the
subject of many studies during the last 40 years. They
follow the seminal works of Eliassen and Palm (1961)
and Bretherton (1969), which have shown that moun-
tain GWs induce a net transfer of momentum from the
ground toward the atmosphere. The importance of
mountain GWs for the atmospheric circulation is now
well established. The parameterization of mountain
GWs in general circulation models (GCMs) reduces the
cold bias these models present near the tropopause in
the Northern Hemisphere midlatitudes (Boer et al.
1984; Palmer et al. 1986; McFarlane 1987). More recent
parameterizations of subgrid-scale orography (SSO) in-
clude trapped lee waves (Miller et al. 1989) and non-
linear low-level flow blocking (Lott and Miller 1997;
Scinocca and McFarlane 2000), which both reduce bi-
ases in the low-level winds.
Although SSO parameterizations are often evaluated
by looking at systematic errors on the zonal mean flow,
they also influence nonzonal planetary-scale patterns.
For these patterns, it is noteworthy that the SSO pa-
rameterizations are not necessarily helpful, unless they
permit that the SSO force has a substantial component
in the direction perpendicular to the low-level flow
(Lott 1999; Webster et al. 2003). This component can
have three origins: (i) the anisotropy of the mountains
(Phillips 1984; Scinocca and McFarlane 2000; Webster
et al. 2003); (ii) the fact that the mean orography in
large-scale models does not produce enough vortex
compression (Smith 1979; Lott 1999); and (iii) the pres-
ence of directional critical levels encountered by the
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GWs (Shutts 1995). In this last circumstance, the ori-
entation of the force with respect to the background
flow is a consequence of the fact that a monochromatic
GW encounters a critical level where the background
wind is perpendicular to its horizontal wave vector. The
GW is then absorbed, provided that the background
flow Richardson number is larger than 0.25 at this alti-
tude (Booker and Bretherton 1967). Since the momen-
tum flux associated with a monochromatic GW is par-
allel to its horizontal wave vector, aloft an isolated
mountain the selective absorption of one GW at each
level results in a force perpendicular to the wind at the
same altitude. Note that this effect is the result of a
vertical shear and is distinct from the effects of hori-
zontal variations in the background flow, which can
modify the horizontal wave vector itself (Bühler and
McIntyre 2005).
Another large-scale process related to mountains is
lee cyclogenesis, for which various dynamical mecha-
nisms were proposed. The local triggering of standing
or transient Eady or Rossby edge waves (Smith 1984,
1986; Davis 1997), the low-level modification of preex-
isting large-scale unstable baroclinic mode (Pierrehum-
bert 1985; Speranza et al. 1985; Fantini and Davolio
2001), or the cold front distortion by low-level blocking
(Messinger and Pierrehumbert 1986; Schär 1990; Gross
1994) are some of these processes. Actually, they are
not exclusive, and this variety of theories illustrates the
complexity of this problem. Accordingly, few studies
have addressed the role of small-scale orography on it.
Nevertheless, as the resolution of regional models
increases, the synoptic scales are nowadays rather ac-
curately represented. Besides, quite recently the fore-
cast models began to solve together the synoptic scales
and the mesoscale dynamics, including the upper-level
GWs and the low-level potential vorticity (PV) banners
appearing downstream of the individual mountain
peaks (Hoinka et al. 2003; Liniger and Davies 2003;
Schär et al. 2003; Flamant et al. 2004; Jiang and Doyle
2004). This recent progress in numerical modeling ap-
peals for a better understanding of the impact of the
small-scale dynamics onto the synoptic flow, which is
incidentally one of the central objectives of the Meso-
scale Alpine Program (MAP; Binder and Schär 1996;
Bougeault et al. 2001). It is also in this context that
Aebischer and Schär (1998) have suggested that the
low-level cyclonic PV generated along the southwest-
ern flank of the Alps could help to trigger lee cyclo-
genesis.
Although the interaction between mesoscale and
synoptic-scale dynamics has been addressed during
MAP, by means of either direct field measurements or
numerical simulations, relatively few theoretical studies
address this problem. It is nevertheless challenging for
at least three reasons. First, the net force due to the
breaking GWs acts over a domain where horizontal
scales correspond to Rossby numbers of order 1 or
larger. In this case, the large-scale response to the GWs
is not entirely balanced but also contains reemitted in-
ertio-gravity waves (Scavuzzo et al. 1998; Lott 2003).
Second, in the midtroposphere the mountain GWs have
little chance to break if the wind increases unidirection-
ally, because the stationary waves’ vertical wavenum-
ber decreases with altitude. Nevertheless, in the pres-
ence of fronts, many GWs can be absorbed at direc-
tional critical levels in the midtroposphere (Shutts
1995) and break thereafter (Broad 1999). The effect of
this process on the large-scale flow has never been
evaluated. Third, a force that is everywhere perpen-
dicular to the background wind can produce dipolar PV
banners with an unusual structure.
This paper presents a theoretical model of the large-
scale effect of the GWs generated by an idealized front
passing over a mountain range. This model accounts for
the GWs through the large-scale momentum deposit
they induce where they encounter critical levels, in the
midtroposphere. For this purpose, we adopt a semigeo-
strophic (SG) version of Smith’s (1984) model of lee
cyclogenesis in which we include a GW force following
Shutts (1995). The use of a balanced formalism here is
supported by Lott (2003), which has shown by direct 2D
simulations that after 12 h typically the balanced part
dominates the inertio-gravity waves’ part in the total
response to GW absorption at a critical level. In this
framework, we analyze the surface response associated
with the PV anomaly produced by the GW force and
compare this response with that due to the smooth
large-scale mean orography.
The paper is organized as follows. In section 2 we
present the model. In section 3 we analyze the case of
a cold front interacting with an idealized complex
mountain range in the absence of tropopause. In sec-
tion 4 we describe the warm front case. In section 5 we
compare the quasigeostrophic (QG) response with the
SG response, we present some sensitivity tests to the
altitude at which the gravity waves interact with the
background flow, and we analyze the influence of the
tropopause (which introduces unstable baroclinic
modes). In section 6 we present the results for oro-
graphic spectra representative of the Alps. Section 7 is
a summary and a discussion of the implications of our
results to the parameterization of mountain GWs in
GCMs, or to the interpretation of the PV patterns pro-
duced in the midtroposphere when a front crosses a
mountain range.
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2. Model
a. Equations for the large-scale flow
A central assumption of our model is that the power
spectrum of orography shows a clear separation be-
tween the large scales and the small scales. This permits
us to study separately the synoptic dynamics and the
GW dynamics. Although this separation is not valid in
reality, it is implicitly assumed in SSO parameterization
schemes. For this assumption to be valid, we adopt in
sections 3, 4, and 5 an idealized mountain range profile
given by
hx  H0e
x2y22L2 1  coskwx
 H x 1  coskwx, 1
where kw  kwex  lwey. In Eq. (1), L is the character-
istic large scale, kw is the dominant horizontal wave-
number associated with the small scales, 2H0 is the
maximum altitude of the mountain range, and H(x) is
the large-scale orography profile, that is, the envelope
of the ridges (Figs. 1a,b).
In the linear context, and in the absence of critical
levels, the large-scale effect of the GWs forced by h 
H(x) cos(kwx) is very small if kwLk 1. Nevertheless, if
the GWs encounter directional critical levels (Fig. 1c),
they are absorbed and can deposit the momentum they
transport. For the large-scale flow, this effect can be
translated into a force per unit mass (see section 2c and
the appendix),
F (x, z  F x, zex  G x, zey, 2
whose impact adds to that of the large-scale orography
profile H(x).
To study the response to F and H , we adopt the
Boussinesq approximation and consider an idealized
front such that the background wind U and the poten-
tial temperature 	b have uniform shears,
Uz  Uzex  V0ey  U0  
zex  V0ey, 3
	by, z, t  r  0zz  	yy  adt. 4
In Eqs. (3)–(4), V0 is the surface wind, 
 is the vertical
wind shear, r is a constant reference temperature, 0z is
the vertical stratification, 	y is the cross-front potential
temperature gradient, and ad(t) is the uniform change
in potential temperature associated with the advance of
the front. In this framework, the constant Brunt–
Väisälä frequency N, 	y, and ad(t) can be written
N2 
g0z
r
, y  
fr
g
, and adt  V0y t.
5
FIG. 1. Schematic representation of the idealized mountain
range and of the background flow used to derive the model equa-
tions in the cold front case: (a) vertical section with horizontal axis
along kw, (b) view from top, and (c) spectrum of the small-scale
orography h  H (x) cos(kwx).
830 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 64
In Eq. (5), the thermal wind balance relates 	y to 
, f
is a constant Coriolis parameter, and g is the gravity
constant.
If we assume that the forcings F, G, and H are of small
amplitude and have a characteristic horizontal scale L
such that the large-scale Rossby number V0/fL is near
or below 1, the response of the flow can be evaluated
using a forced and linearized version of the hydrostatic
SG equations given in Hoskins (1975):
t  Uug  w  f  x  F, a
t  Ug  fu  y  G, b
z  gr, c
t  U  y  w0z  0, d
xu  y  zw  0. e 6
In Eq. (6), (u, , w) are the components of the wind
perturbation,   p/r is the geopotential perturbation,
p is the perturbation pressure, and r is a constant ref-
erence density. Still in Eq. (6) ug  y/f and g  x/f
are the geostrophic components of the wind pertur-
bation. From the system of Eq. (6), we form the linear-
ized budget of the PV disturbance q. For this, we cal-
culate {  [(6a), (6b), (6c)]} · 	b  
y(6d) 
0zR
1
i x(6b), and use Eq. (5), which yields
t  Urq   · JN  0, where 7
rqx, z, t  0z1  Ri
1xg  yug
y	yzug  fz, and 8
JN  0z1  Ri
1Gex  0zF ey
 yF ez. 9
In Eqs. (7) and (9), JN is the nonadvective PV flux, and
Ri  N2/
2 is the background flow Richardson number.
Note that Eqs. (7)–(9) are the linearized version of
Hoskins (1975) SG PV budget, with F added. Notably,
JN is everywhere parallel to the background isentropes
(JN · 	b  0). And since these isentropes are advected
by the background flow, the global PV flux rqU(z) 
JN never crosses them, which is consistent with the “PV
impermeability theorem” (Haynes and McIntyre 1987).
Then, to determine the surface response from the
PV, we also consider the two linearized free-slip adia-
batic boundary conditions
t  U0  	y  0zU0H at z  0,
10
t  UD  	y  0 at z  D. 11
b. Inversion of the PV perturbation
If the forcings F, G, and H are specified, it is conve-
nient to solve the Eqs. (7)–(11) in the Fourier space.1 In
this space, the PV perturbation in Eq. (7) is then
rqˆ  i
1  eik·Ut
k · U 
yzFˆ  0zik1  Ri
1Gˆ  ilFˆ ,
12
provided that qˆ(t  0)  0. Introducing the geostrophic
balance and the hydrostatic relation Eq. (6c), we can
invert the PV in terms of geopotential via the elliptic
equation
2ˆ
z2
 2i	i
ˆ
z
 	r
2  	
i
2ˆ 
g
fr
rqˆ, where 13
	r 
N
f
1  Ri1 |k | and 	i  l

f
. 14
First, we form a particular solution that contains the
whole PV qˆ and vanishes at z  0:
ˆpk, z, t  e
	z 
0
z
e2	rz
 
z

D

gr
fr
qˆe	*z dz dz
,
15
where 	  	r  i	i and 	*  	r  i	i. 16
Then, to satisfy the boundary conditions, we add to this
particular solution two boundary waves
ˆk, z, t  ˆpk, z, t  ˆuk, te
	z  ˆdk, te
	*zD.
17
In this formalism, the boundary conditions Eqs. (10)–
(11) become
	rt  ik · U0ˆu  ˆde
	*D  ikˆu  ˆde
	*D
 t  ik · U0zˆp0  Fˆ 0W
 ik · U0N21  Ri1HˆkE 18
	rt  ik · UDˆue
	D  ˆd  ikˆue
	D  ˆd
 	rt  ik · UDˆpD
 ikˆpD  Fˆ DW, 19
1 Convention: (x)   

 ˆ(k)e
ikx dk dl, where ˆ(k) 
(1/42)  

 (x)e
ikx dx dy.
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at z  0 and z  D, respectively. In the right-hand side
of Eqs. (18)–(19) we have separated the forcings due to
the GWs (W), and to the envelope Hˆ(E). In the fol-
lowing, the response is always described at the ground,
where ˆ  ˆW  ˆE because ˆp(z  0)  0.
c. Evaluation of F(x, z)
To evaluate the force F (x, z), we first calculate a net
force F (z) using the linear theory of GWs in a linear
background shear flow (Shutts 1995 and the appendix):
F z  
d
dz
u
w
, where
u
w
 
1
L2


 


u
w
 dx dy. 20
In Eq. (20), u and w are the small-scale velocities
associated with h. Then, we consider that the horizon-
tal distribution of F (x, z) resembles the envelope pro-
file H(x):
F x, z  F zex
2y2L2. 21
Although in Eq. (21), F (x, z) results in a net force equal
to F (z), Eq. (21) assumes that the GW field stays
confined over the mountain range H . This assumption
is only valid for hydrostatic waves in the absence of
shear, while for the background flow we consider here,
Shutts and Gadian (1999) have shown for an isolated
mountain that the GW field is spread downstream over
a distance that can reach a few times the horizontal
scale of the mountain. Nevertheless, we adopt this as-
sumption for several reasons. First, the drag uw is less
widely spread because it is quadratic. Second, Lott
(2003) have shown in 2D that the spread of the drag is
reduced if we increase the vertical resolution and add a
small amount of dissipation to take account of the
breaking. Third, since we consider here the combined
effect of several different anisotropic individual ridges,
a possible local shift of the force over a distance com-
parable to 2/ |kw | can be reasonably neglected in re-
spect to L, the scale of the global mountain.
As our GWs have horizontal wavenumber k  kw
[Eq. (1) and Figs. 1b,c], the forcing F is only significant
if there exists a critical level zw for kw: U(zw) · kw  0.
In other words, the background wind has to pass from
one side of the ridges to the other when z increases
(Fig. 1b). For a cold front in the Northern Hemisphere,
for example, V0  0 and 
  0, this only occurs if
kw.lw  0 (Figs. 1b,c). For a warm front (V0  0 and

  0) this only occurs if kw.lw  0. In both cases, the
total force is well approximated by
F z 
1
2
NLH0
2k0z
2eL
2 ||kw ||2L
2k02 z |V0 |
||Uz ||2
 ex  UzV0 ey, 22
where
k0  kw  lw UzV0 1  U(z)
2
V0
2 , and
L
2  1  Uz2
V0
2 L2. 23
Coherently, F (z) is everywhere orthogonal to the back-
ground flow U(z) (see the appendix).
d. Computation
To solve this problem numerically, we consider a
horizontally periodic domain of size 20 000 km 
20 000 km  10 km. The fields are represented by
512  512 harmonics and 81 vertical levels, yielding a
resolution of 40 km  40 km  125 m. First, we com-
pute analytically the PV anomaly using the diagnostic
Eq. (12) and integrate it vertically by a trapezoidal ap-
proximation to evaluate ˆp in Eq. (15). Then, we solve
the first-order differential Eqs. (18)–(19), treating sepa-
rately the parts “W” and “E.” This yields temporal in-
tegrals that converge for a time step of 2 h.
3. Cold front with no tropopause
In this section, we place the tropopause altitude at
D  . And we consider an idealized cold front moving
toward the south in the Northern Hemisphere midlati-
tudes, across an idealized mountain range. The flow
and orography parameters are, respectively,
r  300 K, r  1 kg m
3, f  104 s1,
N  102 s1,   4.103 s1,
U0  0 m s
1, V0  20 m s
1. 24
H0  800 m, L  200 km,
|kW | 
2
70 000
m1, with kw  lw. 25
The mountain range half-height width is 2Lln2 
330 km. It is typically constituted of five to seven ridges,
which are 70 km wide and oriented southeast–
northwest (Fig. 1b). The dimensionless mountain
heights NH0/fL  0.4  1 for the large-scale orography
H , and N2H0/V0  0.8  1 for the small-scale orography
h, justify a linear treatment for both. The large-scale
Rossby number is V0/fL  1, and the ratio between the
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large and the short scales is 2L |kw | /2  6  1. Note
that we could arbitrarily choose to have a bigger num-
ber of thinner ridges in the same envelope as here. But,
therefore, we should have also reduced the height of
these ridges to conserve a reasonable orographic vari-
ance and force.
a. PV anomaly due to the absorbed GW forcing F
The vertical profile of the net force F (z) in Eq. (22)
is displayed in Fig. 2. Each component reaches a maxi-
mum near zw  5 km and is only substantial over a
vertical depth of 1 or 2 km around zw. In the rest of the
paper we will refer to this area as the critical zone.
Figures 3a–c show three horizontal sections of the PV
anomaly due to F in the critical zone at t  12 h. At the
three levels, the PV amplitude is between 0.4 and 0.8
potential vorticity units (PVU; where 1 PVU  1.0 
106 m2 s1 K kg1), and the PV patterns are predomi-
nantly oriented in the direction of the background wind
U(zw). As we explain further hereafter, the PV patterns
have this structure because first the PV is produced by
F aloft the mountain, and then the PV is advected by
the background flow. To interpret the differences be-
tween those three levels, one visualizes schematically
the nonadvective PV flux JN in Fig. 4. Figure 4a shows
that JN is pointing upward to be parallel to the isen-
tropes. In the (y, z) plane, JNz essentially takes the PV
from below zw to put it above (Fig. 4a), yielding the
predominantly positive PV lobe above zw (Fig. 3a) and
the predominantly negative one below (Fig. 3c). Near
the altitude zw, the divergence of the vertical compo-
nent of the nonadvective PV flux is null,
zJNz  yzF  0; 26
therefore the PV is only due to the vector JNxy  JNx ex 
JNy ey, which is nearly opposite to the wind, the force
F (zw) being perpendicular to it (Fig. 4b). Hence, near
zw, JNxy tends to take PV from downstream to put it
upstream, according to the direction of U(zw). At small
times, it results in a positive PV anomaly along the
upstream flank of the mountain and a negative one
downstream (Fig. 4b). Afterward, the negative PV
anomaly produced aloft of the mountain is advected
downstream at the velocity U(zw), yielding the midtro-
pospheric start-up anticyclone in Fig. 3b. Still near zw
but over the mountain, the long-term response is a
steady-state cyclonic PV anomaly (Fig. 3b). There, the
PV due to JNxy is exactly balanced by the advection
term
U · rq   · JNxy  0. 27
The PV structure in Fig. 3 essentially represents a PV
banner, whose characteristic horizontal width and
depth are fixed by the width and depth of the critical
zone, around 2L  400 and 2 km, respectively (see Figs.
2 and 4), while its length is controlled by the advection
[i.e., around |U(zw) | t]. This PV banner has a 3D struc-
ture that is very different from the PV banners occur-
ring in barotropic flows when the low-level flow passes
FIG. 2. Vertical profile of the force F (z) in the idealized cold front case in section 3: r  300 K,
f  104 s1, N  102 s1, 
  4.103 s1, U0  0 m s
1, V0  20 m s
1, H0  800 m, L  200 km,
|kW |  2/70 000 m1, and kw  lw.
MARCH 2007 M A R T I N A N D L O T T 833
around individual mountain peaks or when mountain
GWs break in the absence of critical levels. In these
cases, the effect of the mountain can still be modeled by
a nonadvective PV flux JN. It is nevertheless perpen-
dicular to the background wind rather than parallel to
it, resulting in PV lobes of opposite signs localized one
next to the other in the horizontal (Schär and Durrän
1997).
b. Surface pressure W due to the forcing F
Figures 5a–c show the surface pressure perturbation
induced by the GW momentum deposit. At small times
(Fig. 5a), it presents a small-amplitude (approximately
0.1 mb) trough over the mountain and a ridge down-
stream of it [toward U(zw)]; its amplitude is around 0.2
mb. Over a longer time (Figs. 5b,c), the trough over the
mountain near disappears, while the downstream ridge
extends along the direction of U(zw). To the west of this
extending ridge, a second trough is developing (Figs.
5b,c). At 36 h, the maximum amplitude of the surface
signal is 1.1 mb.
To interpret this response, Fig. 6 shows the surface
temperature anomaly (r/g)zp(0) associated with the
particular solution p. This term is central because it
translates the PV into Eady waves forcing [see Eq. (18)]
via the weighted average (in the Fourier space):
r
g
zˆpk, z  0, t   
0
D qˆ
f
e	*z dz. 28
At t  12 h, (r/g)zp(0) is negative over the mountain
and positive downstream of it. This follows that the
midtroposphere PV in Fig. 3 is predominantly positive
over the mountain and negative downstream of it. Note
also that the positive lobe in surface temperature ex-
ceeds in amplitude the negative one, because the nega-
tive PV in Fig. 3c has a stronger influence at the surface
than the positive one in Fig. 3a. Note also that the
pattern of (r/g)zp(0) is substantially larger in hori-
zontal size than the PV pattern. Again, this is due to the
weight erz in Eq. (28), which favors the large scales, a
general property of PV inversion operators (Hoskins et
al. 1985). Still at t  12 h, the surface trough over the
mountain and the downstream ridge in Fig. 5a are es-
sentially needed for the surface temperature (r/g)zW(0)
to oppose (r/g)zp(0).
At later stages (t  24 h, 36 h), the temperature
pattern (r /g)zp(0) is more complex (Figs. 6b,c), with
an elongated negative anomaly appearing along the
northeast flank of the extending downstream positive
anomaly. This negative anomaly is the surface signature
of the upper-level positive PV (the one shown in Fig. 3a
at t  12 h). At these times, it is no longer masked by
FIG. 3. Horizontal sections of the PV anomaly in the critical
zone, at t  12 h and for different heights: (a) z  5.281 km, (b)
z  4.969 km, and (c) z  4.656 km. Same parameters as in Fig.
2. Contour interval (CI)  0.05 PVU. Negative values are dashed.
The minimum and maximum values of q are indicated above each
panel. The location and half-height width of the mountain range
is indicated by the circle.
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the lower-level negative anomaly (the one in Fig. 3c at
t  12 h), because the wind is turning clockwise with
altitude.
As a result, the surface response W is predominantly
anticyclonic along the axis of U(zw) (Figs. 5b,c). Nev-
ertheless, it presents a trough along the southeastern
flank of this ridge, to the opposite of the place where
the elongated negative surface anomaly of (r/g)zp(0)
is located in Figs. 6b,c. This bears witness to the fact
that boundary Eady waves start to modulate the surface
response via the meridional thermal advection in Eq.
(18) and make it differ from the simple mirror image of
the PV deposit.
To support this last statement, we note that the Eady
wave forcing (r/g)zp(0) (Fig. 6) has a quite stationary
structure upstream of the advected start-up anticy-
clone. In terms of Eady wave dispersion relationships,
this translates into
  k · Uz  1	r  k 	r  lV0  0. 29
As the shape of (r/g)zp(0) also imposes k  l, Eq.
(29) yields r  
/V0  2  10
4 m1 and a dominant
wavelength 2/ |k |  3000 km rather consistent with
Fig. 5c. For these scales, the group velocity points to-
ward the south-southwest:
Cg  	r l
2
|k |2 ,

	r
l2
|k |2   V02 , 3V02 , 30
whereas U(zw) is southwest. Accordingly, we observe
the development of a trough at the west of the extend-
ing ridge.
c. Surface pressure E due to H(x)
The time evolution of E is shown in Figs. 5d–f at t 
12, 24, and 36 h, respectively. A boundary Eady lee
wave is developing and extending downwind according
to U(0)  V0ey. The wave is bounded downstream by
the start-up cyclone due to the warm potential tempera-
ture anomaly 0z H present over the mountain range
when t  0 and swept away by U(0) when t  0. It is
bounded over the mountain by an anticyclonic pattern
due to vortex compression. The corresponding high
keeps almost constant after 12 h and reaches 1.2 mb at
36 h. Immediately downstream of the mountain a
trough, whose amplitude reaches 1.3 mb at 36 h is
settling. The amplitudes obtained are significantly
smaller than in Smith (1984, 1986) because our moun-
tain is substantially smaller in width and height.
As in section 3b this surface response can also be
interpreted in terms of stationary boundary Eady wave
dynamics. In this case the large-scale orography induces
a steady forcing with dominant wavenumbers |k |  1/L,
and Eq. (29) implies
l k  	rV0  0.5  0. 31
Accordingly, the troughs and ridges are oriented from
northwest to southeast and are strongly inclined along
the y axis. Likewise, Eq. (31) permits us to predict
2/l  4L  2400 km, which roughly corresponds to
the crest-to-crest distance along the y axis in Fig. 5f.
These values yield a dominant group velocity consistent
with the Eady lee wave extension along the y axis in
Fig. 5f:
Cg  6, 20 m s
1. 32
d. Total response at the surface   W  E
The total response   W  E is displayed in
Figs. 5g–i. Although the GW effect is rather small,
FIG. 4. Schematic representation of the nonadvective PV flux JN and of its effects on the PV. The PV
lobes are schematized by the thick solid and dashed closed lines. The gray area represents the critical
zone; that is, the zone where the GWs force F is substantial. (a) Vertical section at x  0; the tilted
isentropes are also schematized by thin solid lines, and (b) horizontal section at z  zw.
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they reduce by near 20% the ridge produced by the
large-scale orography over the mountain, as well as the
downstream trough. More pronounced effects occur
farther downstream. In particular the ridge produced
by the GWs and, which extends below the PV banner in
Fig. 5b, substantially affects the surface response in the
far field.
4. Warm front with no tropopause
In this part, we consider the case of a warm front by
taking V0  20 m s
1 in our model. To obtain a signifi-
cant force F we also rotate the small-scale ridges and
take kw  lw (see appendix). All the other parameters
are the same as in section 3.
FIG. 5. Evolution of the surface geopotentials at t  12, 24, and 36 h. Same parameters as in Fig. 2. (a)–(c) Geopotential due to the
GWs (W); (d)–(f) geopotential due to the large-scale orography profile H (x) (E); (g)–(i) total perturbation (W E). The magnitude
is indicated as a pressure in millibars because r  1 kg m
3. Negative values are dashed and CI  0.2 mb. The minimum and maximum
values reached at t  36 h are indicated at the top of each column. The configuration of the background front with regards to the
orientation of the ridges is schematized in (a).
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As in the cold front case, the PV anomaly on both
flanks of the critical zone has an elongated structure. It
is predominantly positive above zw and negative below
(Figs. 7a,c). This is almost as in the cold front case in
Figs. 3a,c. Near the altitude zw nevertheless (Fig. 7b),
the PV anomaly over the mountain is negative, and an
opposing pattern of positive PV is advected down-
stream at the velocity U(zw), the opposite to what oc-
curs in the cold front case in Fig. 3b.
This last difference between the cold front case and
the warm front case is an important result that has a
simple dynamical origin. The necessity that there exist
critical levels in the troposphere for the GWs to affect
the large-scale flow imposes that the GW force has one
component in the direction of the shear 
 (the x com-
ponent in our case, see Fig. 4b). Its other component is
opposed to the low-level wind, which is natural for a
gravity wave drag. Where this force acts, F makes an
angle with U(zw) equal to /2 in the cold front case and
equal to /2 in the warm front case. From this, it
follows that the horizontal component of the PV flux
JNxy is such that JNxy · U(zw)  0 in the cold front case,
whereas JNxy · U(zw)  0 in the warm front case. Be-
cause of this difference, the surface response to the
GWs in the warm front case (Figs. 8a–c) presents no
symmetry with that in the cold front case (Figs. 5a–c).
On the other hand, the response to the large-scale orog-
raphy E is the symmetric of the cold front response, in
respect to the x axis (Figs. 5d–f and 8d–f).
In response to the PV pattern in Fig. 7, the surface
response W is dominated by a strong anticyclonic lobe,
which stays attached to the mountain (Figs. 8a–c). Im-
mediately downstream, according to U(0) a substantial
trough develops. Note also that the magnitude of the
response is stronger than in the cold front case (be-
tween 1.8 and 1.2 mb at t  36 h). It follows that the
anticyclonic PV anomalies over the mountain and ex-
tending below zw downstream of it in Figs. 7b,c rein-
force each other to produce a strong surface response
near the mountain. By summing the two responses, it is
apparent in Figs. 8g–i that in this case the absorbed
GWs reinforce the anticyclone over the mountain, as
well as the downslope trough.
5. Sensitivity experiments
a. Quasigeostrophic simulations
The fundamental reason for choosing the SG formal-
ism rather than the QG formalism is that we obtain a
more accurate PV budget, closer to the primitive equa-
tion PV budget. More precisely, in our case, the non-
advective PV flux JN has a vertical component JNz that
keeps J parallel to the tilted isentropes (Haynes and
FIG. 6. Evolution of the potential temperature anomaly at the
surface (r/g)zp(0), same parameters as in Fig. 2; (a) t  12 h, (b)
t  24 h, and (c) t  36 h. Negative values are dashed and CI 
0.5 K.
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McIntyre 1987). This vertical component is neglected in
the QG formalism. To evaluate its significance, we have
repeated the cold and warm front experiments in sec-
tions 3 and 4 using a QG version of the model of section
2. To do it, we take 	yFz  Ri
1  0 in the PV Eq. (12)
and Ri1  i  0 in the definition of the vertical decay
length  Eq. (14).
The most noticeable difference is that the warm front
response is exactly antisymmetric with the cold front
response according to the x axis (Fig. 9). Because of the
neglect of JNz, at all altitudes the PV is due to a hori-
zontal flux JNxy that is aligned with the wind (not
shown), so it resembles that at zw in the SG simulations
(Figs. 3b and 7b). The QG simulations fail in simulating
the substantial, sign-definite, and elongated PV
anomaly located on the lower flank of the critical zone
(Figs. 3c and 7c). That is the reason why the surface
signal in the QG cases is much smaller than in the cor-
responding SG cases.
Nevertheless, we can notice that downstream of the
mountain the GWs remain cyclolitic for a cold front
case and cyclogenetic for a warm front. Over the moun-
tain, the GWs still produce a low for the cold front case
and a high for the warm front.
b. Front, orography, and critical zone altitude
The numerical simplicity of our model permits us to
analyze many different flow and orography configura-
tions. For example, increasing only H0 favors the GW
forcing [varying in H20, Eq. (22)] relative to the large-
scale orography forcing [in H0, Eq. (18)]. Increasing the
number of ridges in our mountain (i.e., increasing
|kw |L) results in the same effect, even if L is fixed, and
although the critical zone becomes thinner. Changing
the orientation of the ridges [i.e., the angle (ex, kw)^] has
a more subtle effect. In the cold front case, for 0 
(ex, kw)^  (/4), the GWs meet critical levels nearer the
ground. It results in three effects: (i) the PV anomaly is
nearer the ground, (ii) the advection of PV is slower,
and (iii) the axis of the PV anomaly is closer to the
surface wind V0ey. As illustrated in Figs. 10a–c, this
makes the surface response (i) thinner in width, (ii)
shorter in length, and (iii) oriented closer to the surface
wind V0ey. The same results hold for the warm front
case and for (/4)  (ex, kw)^  0 (not shown). The
compromise of those different processes is summarized
in Fig. 11, where the extrema of W at t  36 h are
plotted versus (ex, kw)^ in the cold and warm front cases.
Notably, in both cases, the maximum amplitude is ob-
tained for an intermediate value of |(ex, kw)^ | , and not
for |(ex, kw)^ |  0 for which zw is nearer the ground. The
reason is that zw  0 requires kw · U0  0, that is, a
FIG. 7. Horizontal sections of the PV anomaly in the critical
zone at t  12 h and for different heights, for the warm front case
in section 4: (a) z  5.281 km, (b) z  4.969 km, and (c) z  4.656
km. Same parameters as in Fig. 2 except V0  20 m s
1 and kw 
lw. Negative values are dashed and CI  0.05 PVU.
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quasi-null cross-ridge velocity, and therefore a weak
GW drag [see Eq. (A5) in the appendix]. The amplify-
ing effect of the descent of the critical zone by decreas-
ing |(ex, kw)^ | is thus balanced by a decrease of the total
force amplitude.
c. Influence of the tropopause
To study the impact of the geostrophic baroclinic in-
stability on our results, we place a rigid lid at the alti-
tude D  10 km. A conventional linear stability analy-
sis for our model shows that unstable baroclinic modes
have wavelengths exceeding 2/(2.6  f /ND)  2400
km, and that the most unstable mode is oriented in the
alongfront direction (  
ex) with a wavelength near
3700 km [k  1.7  f /(ND)ex].
As shown in Figs. 12a–c for the cold front case in
section 3, in the short term (12 h; Fig. 12a) the insta-
bility essentially has a slight quantitative effect on the
surface pressure pattern, compared to the case with no
FIG. 8. Same as in Fig. 5 but in the warm front case (same parameters as in Fig. 7).
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FIG. 9. Quasigeostrophic response to the GWs force. (a)–(c) Cold front; same parameters as in Fig. 5.
(d)–(f) Warm front; same parameters as in Fig. 8. Negative values are dashed and CI  0.1 mb.
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tropopause in Fig. 5a. At t  24 h (Fig. 12b), the pres-
ence of long unstable modes starts to modulate the re-
sponse substantially. In particular, near and over the
mountain the trough is more intense (see Fig. 5b), and
its horizontal scale exceeds 2000 km along . Later (t 
36 h; Fig. 12c), the long modes’ influence is even stron-
ger. Nevertheless, they do not much affect the maxi-
mum amplitude of the signal but rather spread it to-
ward . A qualitatively comparable behavior occurs in
the warm front case of section 4 (Figs. 12d–f), except
that it is quantitatively less pronounced.
6. Extension to more realistic mountains
The near monochromatic nature of the small-scale
orography used until now results in a rather thin critical
zone. In reality, however, mountains have broadband
spectra and the GWs can interact with critical levels
almost everywhere over the entire troposphere depth.
To account for this, we follow Gregory et al. (1998) and
represent the real orography spectrum over square do-
mains of size X  Y by a spectral density function A(k)
that captures exactly the orographic variance
FIG. 11. Extrema in the surface geopotential due to the GWs at t  36 h and for various angles (ex, kw)^:
(a) cold front and (b) warm front. In both (a) and (b), max(W) is the thin solid line, min(W) is thin
dashed, max(W  E) is thick solid, min(W  E) is thick dashed, and zw is dotted.
FIG. 10. Surface geopotential W induced by the GWs at t  36 h for three different orientations (ex, kw)^, and for the cold front in
section 3. Same background flow and orography parameters as in Fig. 2 except: (a) (ex, kw)^  0.7  /4, (b) (ex, kw)^  0.5  /4, and
(c) (ex, kw)^  0.3  /4. The corresponding altitude of the critical zone is also indicated; CI  0.25 mb.
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FIG. 12. Simulations with a tropopause at D  10 km. Cold front with the same parameters as in Fig.
5: (a) t  12 h, (b) t  24 h, and (c) t  36 h. Warm front with the same parameters as in Fig. 8: (d)
t  12 h, (e) t  24 h, and (f) t  36 h. Negative values are dashed and CI  0.2 mb.
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1
XY 0
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 
0
 
0
2
AK, K dK d.
33
In Eq. (33) K and  are the polar coordinates of k, and
hˆ(K, ) is the Fourier transform of h inside of the
domain X  Y, which can be estimated for real data by
the FFT coefficient h˜ calculated from the discrete series
of h. We then assume an isotropic spectral density in
the wavenumber band relevant for gravity waves
KAk  aK0K , for KL  ||k ||  KU. 34
In Eq. (34) K0 and  are constants that vary regionally,
and a  1 m3 is introduced for dimension consistency.
We take KU  2/(10 km)  N/V0 because distur-
bances with shorter wavelength do not propagate ver-
tically, and KL  2/X2  Y2, that is, approximately
the longest harmonic the domain X  Y can represent.
Note that we could have defined KL as the lower cutoff
of the stationary inertia GWs, KL  f/V0  1200 km.
This is larger than the size of our domain, and hence is
not represented in our spectrum analysis. Nevertheless,
we have checked that the following analyses are not
sensitive to KL; for such low values of , the orographic
variance concentrates on the small scales.
To evaluate the effect of this spectrum in the context
of our model, we consider the effect of the small-scale
mountains located in a domain of size L2  XY and
use the method in the appendix to evaluate the net
force due to A(k):
F 
2Na
2   K0KU

KU
2  K0KL

KL
2  z |V0 |3||Uz ||4
 ex  UzV0 ey. 35
We then distribute this force regionally as in section 2,
F (x, z)  F (z)e(x
2y2/L2).
To give realistic values to the parameters K0 and ,
we have considered the Alpine sector (43°–48°N, 5°–
16°E) and used the 2-Minute Gridded Global Relief
Data (ETOPO2; around 2-km horizontal resolution;
see the National Geophysical Data Center 2006). In
this sector, we define 30 partially overlapping square
domains, each of size XY  352 km2  L2, giving L 
200 km as in sections 3, 4, and 5 (Fig. 13a). For each
of these domains, we estimate [, ln(K0)] by a best
square fit between A(k) and the azimuthal mean of the
orography periodogram h˜h˜*. An example for one par-
ticular box (43°48N, 46°58N)  (5°26E, 9°58E) is
shown in Fig. 13. For this box, the best fit is   0.96
and ln(K0)  10.2 (Fig. 13b). For other boxes, the re-
sults are summarized in Fig. 13c; even if the parameters
 and ln (K0) have significant variations (the range ob-
tained for  is from 0.56 to 1.02), the resulting force for
each box has a rather stable magnitude around 2 
104 kg m2 s2. Therefore, in our simulations we can
use, for the force, the mean values
  0.76; lnK0
  13.5. 36
Note that our  is smaller than in Gregory et al. (1998;
who found   1), probably because the Alps are
sharper than the mountains studied by these authors.
Figures 14a,b present the vertical profiles of F ob-
tained with Eqs. (35)–(36) and for the cold front of
section 3. As expected, the critical zone is deeper than
in Fig. 2 and covers the entire troposphere. The surface
response to this force in the absence of tropopause is
shown in Fig. 14c at t  36 h. It resembles very much
that of the idealized case in Fig. 5c. A predominant
ridge is followed by a weaker trough, both being em-
bedded in the south-southeast sector. The dominant
wave vector is very similar to that of section 3b, al-
though not so well defined. The reason is that the criti-
cal zone is deep, giving no precise horizontal axis to the
PV pattern.
7. Discussion and conclusions
This paper gives a heuristic evaluation of the signifi-
cance of mountain GWs for the synoptic-scale dynam-
ics near large mountain ranges, in the presence of di-
rectional critical levels. The model used is an extension
of the model of Smith (1984) for lee cyclogenesis. It
includes a representation of the GWs adapted from
Shutts (1995). The interaction between the GWs and
the large-scale flow occurs via the PV anomaly, which is
produced by the force due to the GWs, which encoun-
ter critical levels in the troposphere.
Section 3 details this interaction for a cold front, in
the case where there is a good separation between the
small-scale dynamics and the large-scale dynamics. In a
configuration such that almost all the GWs encounter
critical levels, they induce a force in a thin critical zone
centered around a well-defined altitude zw. The level zw
depends on the configuration of the front relative to the
orientation of the anisotropic small-scale orography.
This force is everywhere perpendicular to the back-
ground flow and produces a PV anomaly around zw
that is advected and steered by the background wind.
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Near zw, the PV anomaly is predominantly cyclonic
aloft of the mountain, and it presents a start-up anticy-
clone that travels at the velocity U(zw) away from the
mountain (Fig. 3). Below zw the PV anomaly is pre-
dominantly anticyclonic, whereas above zw it is pre-
dominantly cyclonic. Accordingly, the surface response
at small times (12 h in Fig. 5a) presents a trough over
the mountain and a ridge downstream. Over a longer
FIG. 13. Spectral analysis of the Alps. (a) Elevation from ETOPO2. Five among the 30 boxes
used to evaluate the mean spectrum are indicated for illustration. (b) Azimuthal mean of the
periodigram (circles) and best square linear fit (thick solid) for box 3 shown in the lower left
of (a). (c) Best fit values for the 30 boxes:  (solid and star), ln(K0) (solid and plus), Fmax (solid
and circles), and Gmax (solid and square). All values in (c) are divided by their mean value over
the 30 boxes.
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term, this response is modulated by Eady waves (Figs.
5b,c); the trough over the mountain becomes quite
small, and an elongated ridge builds up immediately
downstream toward U(zw). The GWs thus tend to
slightly reduce the amplitude of the response to the
large-scale orography, notably the ridge over the moun-
tain and the lee trough (Figs. 5d–f). As the lee trough is
associated with lee-cyclone initiation in Smith (1984),
we can argue that the GWs are cyclolytic in the cold
front case.
In section 4 we repeat the same study in the warm
front case (Figs. 7 and 8), after rotating by 90° the ori-
entation of the mountain ridges in order that the GWs
exert a substantial force. In this case, the PV anomaly
produced by the GWs is predominantly anticyclonic
over the mountain and cyclonic downstream (Fig. 7). It
is also predominantly anticyclonic below zw and cy-
clonic above. Hence, the surface response presents a
large-scale ridge attached to the mountain (Figs. 8a–c),
and extending below the PV anomaly, toward U(zw)
(Fig. 7). Eady wave dynamics produce a trough down-
stream of the mountain, toward the surface wind U(0)
(Figs. 8b,c). In this case, and contrary to the cold front
case, the GWs reinforce the ridge over the mountain
and the downstream trough (Figs. 8d–f).
The rest of the paper consists of doing tests of the
robustness of these results. They indeed seem to be
linked to geometrical properties of the GW directional
critical levels, indicating that they are rather systematic.
In section 5a, we adopt the QG framework. This illus-
trates the important role of the vertical component of
the PV flux in baroclinic environments. In section 5b,
we change the orientation of kw, and other crucial pa-
rameters. Even if those changes have some quantitative
effects on the amplitude or the horizontal scale of the
surface response, the cyclolytic nature of the GWs in
FIG. 14. Cold front simulations with an orographic spectrum representative of the Alps. (a) Vertical
profile of F (z), (b) vertical profile of G (z), (c) W at t  36 h with no tropopause, and (d) W at t  36
h with tropopause at D  10 km. Negative values are dashed and CI  0.1 mb.
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the cold front case stays unchanged. The same is true in
the warm front case, where the interaction remains cy-
clogenetic. The introduction of a tropopause in section
5c is more significant qualitatively, even if in our model,
the baroclinic instabilities can only modulate the GW
response at horizontal scales much larger than dis-
cussed up to now. The effect is particularly pronounced
in the cold front case (Figs. 12a–c), where, compared to
the same case without a tropopause (Figs. 5a–c), the
trough over the ridge becomes rather large in the long
term (Fig. 12c) instead of becoming small (Fig. 5c),
while the ridge downstream becomes rather small in-
stead of being large. In the warm front case (not shown)
the effect of the GWs aloft of the mountain and imme-
diately downstream of it stays the same as that without
a tropopause. It is only in the far field and at large
scales that the influence of the baroclinic instabilities
becomes substantial.
In section 6 we present an extension of our model to
more realistic small-scale orographic spectra. We use
for this a method presented in Gregory et al. (1998) in
the context of the parameterization of mountain GWs
via a spectral method in the Met Office (UKMO)
model. This method consists again of evaluating the
GW force exactly but using a realistic spectral density
function for the orography. For the case of the Alps
(Fig. 13), the GW force is more broadly distributed
over the troposphere. Nevertheless, the surface re-
sponses to the GWs (Fig. 14) share many properties
with the responses for the idealized orography profiles
used in sections 3, 4, and 5.
Despite the attractive simplicity of our model, these
results should be interpreted with some caution. For
instance, the neglect of unbalanced effect can be inac-
curate for shears larger than here; the inertio-gravity
waves generated during the interaction (Lott 2003; Va-
das et al. 2003; Shutts 2003) or the nongeostrophic un-
stable baroclinic modes (Plougonven et al. 2005) may
have a substantial influence at the surface. More seri-
ously, by representing the fronts by uniform shears we
do not consider the barotropic growth of unstable
modes that the smooth mountain and the GWs may
trigger. This may result in effects rather different from
those discussed here, in particular because the horizon-
tal scale of the unstable modes may be much closer to
the horizontal scale of the mountain.
Nevertheless, we believe that the structure of the PV
anomalies we discuss here is of some interest. They are
produced by PV fluxes that are everywhere parallel to
the background wind, a situation rarely discussed in the
literature. As a result, they do not resemble the hori-
zontal PV banners that are often discussed. These PV
anomalies are also strongly affected by the inclination
of the isentropes. For these reasons, they may reflect
some aspects of the mesoscale and synoptic-scale PV
patterns found in the observations. For example,
Hoinka et al. (2003) have carried out an analysis of the
MAP intensive observation period 15 (IOP-15) in
which a PV streamer from the low stratosphere passes
above the Alps, triggering lee cyclogenesis. They men-
tion the importance of the breaking GWs in the cutoff
process and the presence of enhanced shear. Since the
order of magnitude of our PV anomalies is comparable
to theirs, the process we have studied here might have
some relevance in their case.
Another interest of this study is to give a theoretical
approach to the problem of mountain GW parameter-
ization in large-scale models. In this respect, the fact
that the response to the GWs is generally smaller than
the response to the large-scale orography is reasonable.
The SSO parameterizations are intended for correcting
errors, not for producing the dominant signal. In this
context, it gives two messages.
First, a rather systematic error of large-scale models
is that they underestimate, at least in winter, the anti-
cyclonic circulation that occurs over the large-scale
mountains. These errors have been corrected in the
past either by introducing an envelope orography, or by
introducing lift forces oriented perpendicularly to the
geostrophic flow and toward the right (in the Northern
Hemisphere). The two approaches are in good part
equivalent (Lott 1999). Although the GW force is also
perpendicular to the flow, our results show that it does
not systematically help the building up of anticyclones
over mountains. Indeed, it is probably the other way
around because cold fronts are stronger than warm
fronts in a climatological sense. Second, our results
show that absorbed GWs have little chance to help lee
cyclogenesis and seem to have a rather cyclolytic influ-
ence, if we again assume that cold fronts are more fre-
quent.
APPENDIX
Evaluation of the GW Force F
We use the linear Boussinesq theory of hydrostatic
stationary mountain GWs in uniform background
shears (Shutts 1995). The vertical velocity for each
monochromatic wave satisfies
2wˆ

z2

N2
k · Uz2
k2  l2wˆ
  0, with
wˆ
0  ikU0hˆ
. A1
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The waves that present a critical level at zc kU0/k

0 can be written
wˆ
z  ikU0 hˆ
1  zzc
12i
, 1, for z  zc
A2
 0 for z  zc , A3
where   Ri(k2  l2/k2)  1⁄4. We take  kU0  0
to impose an upward group velocity. In Eqs. (A2)–(A3)
the GWs reflected or transmitted at zc have been ne-
glected because Ri  6k 0.25 (Booker and Bretherton
1967). Note that Eq. (A2) is an exact solution of Eq.
(A1) for the entire domain under zc. Besides, the mean
stress satisfies
u
w
 
1
L2


 


u
w
 dx dy

42
L2

k0
 
l

uˆwˆ*  uˆ*wˆ dl dk. A4
We take the background wind of Eq. (3) for a cold front
(V0  0, 
  0), and use Eqs. (A2)–(A3) and the dis-
persion relationships for the GWs, which yields
u
w
z 
82
L2

k0
 
l
kUz
v0


k
||k || kU0N | hˆ
 |
2 dl dk
 . . . , A5
where the dots are for the z-independent part of the
flux carried by the GWs that do not encounter critical
levels. Then, the associated force is
F z  
d
dz
u
w
 
82
L2
N
 
0

k2hˆ
k, l  k UzV0 
2
dk

z
||Uz || ex  UzV0 ey. A6
This last formula is valid for any kind of front of the
form of Eq. (3), cold or warm. For the idealized orog-
raphy profile of Eq. (1), h  H(x) cos(kwx), which
leads to
hˆ
 
H0L
2
4
ekkw
2L22  ekkw
2L22.
A7
To simplify the analytical treatment under the assump-
tion that the horizontal scales are clearly separable
( ||kw || Lk 1), we neglect the second Gaussian term of
Eq. (A7), because it is centered around kw and the
integral in Eq. (A6) is for k  0. The steepest descent
estimate of the integral of the remaining Gaussian term
in Eq. (A6) yields the Eqs. (22)–(23) in section 2c. Note
that if kw lw  0 for the cold front case, we obtain F 
0, because the waves that encounter a critical level have
a very small amplitude in this case. On the opposite, in
the warm front case, F  0 if kw lw  0.
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2.2 Complementary works
In the following, we add interesting results that we could not introduce in the ar-
ticle, and which probably need further investigation. All these results are based on
variations from the experiments described in the sections 4 and 5.c of the previous
article, that is the warm front case. But we systematically compare the results with
and without a rigid upper boundary localized at a height D=10km. The same can be
done in the cold front case but the behaviour is different.
In the Fig. 2.1, three simulations with the upper boundary are presented in each
column, in which the height of the dominant critical level zw is lowered from 5km
(Figs. 2.1a,b, c) to 3.1km (Figs. 2.1d,e,f) and then to 1.2km (Figs. 2.1g,h,i). In each
column, the first two pictures present the response at t=36h and 72h respectively in
terms of the surface geopotential perturbation, and the last one presents the time
evolution of the maximum and minimum values of the surface geopotential (red) in
comparison with the same experiment with no upper boundary (black). In particular,
the Fig. 2.1a presents the same response as the Fig. 12f of the article, but with a
different contour interval. The first thing to note is that, from the Figs. 2.1b,e,h, the
presence of the most unstable baroclinic Eady mode is reduced when the force and
the PV are lowered so that they are closer to the surface than the upper boundary.
This is confirmed by the Figs. 2.1c,f,i, which show that the baroclinic growth is more
efficient when the PV is localized near the steering level of the two boundaries Eady
problem. In comparison, the simulations with no upper boundary give very similar
results. Qualitatively, this result follows that in the presence of two boundaries, when
the PV is produced near the steering level its zonal advection velocity equals the phase
velocity of the baroclinic normal modes. This way, the PV can follow these modes and
impose a continuous and efficient forcing. This situation is actually the counterpart of
the resonant forcing that occurs in the problem with no tropopause, and leads to the
linear growth of the surface resonant mode (black curves in Figs. 2.1c,f,i). Moreover,
the growth is not exponential anymore in the Figs. 2.1f,i, and show different regimes
with enhanced growth in the first ten hours and reduced growth later. The blatant
assymetry between negative and positive values also suggests that the growth mecha-
nism is not reduced to normal mode instability.
In our highly idealized model, the background shear is uniform with infinite ex-
tension. This is of course highly unrealistic. A way to account roughly for the finite
size of the front in our model, is to cut the forcing by the GWs at a certain date. It
means that there is no more directional wind shear aloft the mountain from this date,
and hence the mountain GWs do not break anymore. But the existing PV anomalies
produced before are still present in the front area, and are advected by the directional
windshear following with the same process described before. This experiment allows
to measure the efficiency by which the dipolar PV anomly can sustain the growth of
the surface perturbation. The results of such experiments are presented for two heights
zw=5km or 3.1km, in the Figs. 2.2a,e respectively (surface response at t=72h) and the
Figs. 2.2c,f (time evolution of the surface minimum and maximum in blue diamonds,
in comparison with the run without cut in red circles). The force is cut after 12h in the
first experiment, and after 24h in the second. The Figs. 2.2a,e show that the pertur-
bation even more ressembles the most unstable Eady mode after several days, because
the PV anomalies are no more attached to the mountain. The Figs. 2.2c,f show that
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Fig. 2.1 – Surface geopotential perturbation at t=36h and 72h in the warm front case with
an upper boundary (D=10km) : zw=5km in a) and b), zw=3.1km in d) and e), zw=1.2km
in g) and h). Negative values are dashed and CI = 0.5 mb. The time evolution of maximum
(solid) and minimum (dashed) values is summarized in c), f) and i) for the corresponding
column experiments (red), with the associated experiments with no upper boundary for
comparison (black).
the growth is almost not affected by the removal of the force, or even slightly enhan-
ced. This result is related to the fact that, as soon as the initial transient growth of
the PV magnitude is terminated, that is after the first ten hours, then the lifetime
of the forcing by the GWs can change the form of the advected PV dipole, but not
the magnitude of the PV anomalies. The slight differences that appear in the time
evolution only relies on the different form (length) of the moving PV anomalies, which
implies the forcing of slightly different wavenumbers.
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One last experiment is presented in the Figs. 2.2b,e and c,f (green squares), which
differs by the two previous ones in the fact that the PV anomaly is also abruptly
turned to zero after t=36h. This is expected to account very crudely for the disappea-
rance of PV anomalies due to dissipation, and to measure the growth efficiency of the
interaction of the remaining surface and tropopause Eady waves. As our model is ba-
lanced, no spurious transient effect is produced by this brutal change. The Figs. 2.2c,f
show that the growth is seriously reduced by this modification, which gives rise to a
transient adaptation stage in the case of a low forcing (Fig. 2.2f).
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Fig. 2.2 – Surface geopotential perturbation at t=72h in the warm front case with an upper
boundary (D=10km) : in a) and b) zw=5km and the force is cut at t=12h ; in d) and e)
zw=3.1km and the force is cut at t=24h. The PV is also cut at t=36h in b) and e). Negative
values are dashed and CI = 0.5 mb. The time evolution of maximum (solid) and minimum
(dashed) values is summarized in c) and f) for the corresponding column experiments, with
the reference standard experiments in red for comparison.
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These results appeal for a better understanding of the influence of some parameters
of our problem in terms of finite time growth (Orr 1907, Farrell 1982, Heifetz and
Methven 2005). Thus, we might refine the discussion about lee cyclogenesis impacts
by analysing the different growth mechanisms in the context of finite time growth,
notably in the first days, and finding optimal configurations. To do so, the recent
works of De Vries and Opsteegh (2005, 2007a) constitute a good starting point. These
authors have analysed and quantified the different growth mechanisms and optimal
perturbations for finite time growth in the 2D linear quasi-geostrophic Eady problem,
with and without troposphere. In this aim, they consider the total solution of the Eady
problem as constituted not only of the normal modes, which are pairs of mutually
interacting Eady edge waves (potential temperature anomalies with zero inflow PV),
but also of the continuous modes, each inverted from a sheet of inflow PV perturbation
localized at a given height. In this framework, if the continuous modes are decomposed
into two contributions, one carrying the inflow PV anomaly but no boundary Potential
Temperature (PT), and the other carrying the boundary PT anomaly but no inflow PV,
then the finite time growth is the result of all the mutual interactions between pairs of
PV or PT anomalies. Thus, three different growth mechanisms can be identified. The
more classical is the exponential growth corresponding to normal mode instability,
namely the mutual amplification of counter-propagating edge waves, which is only
possible in the presence of a tropopause. But more generally, the two other mechanisms
can act with or without tropopause, and are usually dominant in the first stages of the
growth. One is called resonance, and corresponds to the amplification of an edge wave
by an inflow PV anomaly moving at the same phase velocity. It leads to linear growth
if the PV is localized at the steering level of the edge wave (Thorncroft and Hoskins
1990, Bishop and Heifetz 2000). And the other is called PV unshielding, or PV/PT
unshielding, which represents a generalization of the Orr (1907) mechanism, namely the
streamfunction growth resulting from the difference between the instantanous phase
velocity of all the PV and PT anomalies.
To adapt this theoretical framework to our problem, we should first try to extend
the results of De Vries and Opsteegh (2005, 2007a) to our 3D linear semi-geostrophic
framework. This means that we must change our current perturbation decomposition
to use the one described above, separating completely the inflow PV anomaly fields
from the edge PT anomaly fields. We shall also have to choose a norm as regards
to which the singular vector will be searched, and which is relevant for cyclogenesis.
Notably, the use of a semi-norm like the surface kinetic energy is not possible as soon
as several PV anomalies are present (Ve Vries and Opsteegh 2005). But also, we might
choose a norm for the initial state that is different from the one used for the final state,
because our point is to determine the best place to deposit a given fixed amount of PV
to get optimal cyclogenesis. Then, we will have to extend these results to continuous
spectrum perturbations, by adding the contributions of each wavenumber to represent
PV anomalies and perturbations localized in the horizontal space.
Chapitre 3
Linear and nonlinear
non-geostrophic unstable Eady
modes
Re´sume´
Dans cette partie, nous e´tudions la dynamique des modes instables de Eady non-ge´ostrophi-
ques aux e´chelles sous-synoptiques. A ces e´chelles, les modes instables de Eady sont issus
du couplage entre une onde de Eady de bord et une onde d’inertie-gravite´ au voisinage
d’un niveau critique inertiel. Leurs taux de croissance sont plus faibles que ceux des modes
ge´ostrophiques d’un ordre de grandeur. On commence par e´tudier la croissance line´aire par
le biais de calculs analytiques, puis a` l’aide de simulations nume´riques, dans le cadre de l’ap-
proximation ane´lastique d’une atmosphe`re bi-dimensionnelle non hydrostatique(2D). Puis on
e´tudie la croissance non line´aire a` l’aide du meˆme mode`le.
L’approche analytique permet de donner un cadre conceptuel pour l’interpre´tation des
re´sultats nume´riques. En particulier, elle permet d’anticiper et comprendre l’influence de
certains parame`tres, comme le nombre de Richardson Ri a` travers le phe´nome`ne de sur-
re´flection. Les simulations line´aires sont analyse´es en comparaison avec les e´tudes pre´ce´dentes,
qui furent re´alise´es dans le cadre de l’approximation de Boussinesq non visqueuse. Elles per-
mettent ainsi d’une part de valider le mode`le concernant sa capacite´ a` re´soudre la dynamique
au voisinage des niveaux critiques, aux e´chelles sous-synoptiques, par la reproduction de taux
de croissance tre`s faibles. D’autre part elles permettent d’e´valuer les corrections induites par
la prise en compte de la compressibilite´ et de la non hydrostaticite´ de l’atmosphe`re. Enfin, les
simulations non line´aires sont re´alise´es dans le but d’identifier les me´canismes de saturation
qui interviennent a` ces e´chelles, et de mesurer le niveau de saturation du mode.
On montre ainsi dans le cadre line´aire, que les modes ane´lastiques sont plus (resp. moins)
instables que les modes de Boussinesq si Ri > 1 (resp. Ri < 1).
Dans le cadre non line´aire, on montre que les modes saturent a` un niveau plus faible que les
modes ge´ostrophiques d’environ un ordre de grandeur. Ce couplage est donc potentiellement
observable meˆme s’il est faiblement instable. Le me´canisme de saturation est double, et es-
sentiellement duˆ a` la dynamique au voisinage du niveau critique. L’e´coulement tre`s cisaille´ et
statiquement instable induit un transfert d’e´nergie vers les petites e´chelles via les instabilite´s
de cisaillement et convectives. De plus, une boucle de re´tro-action positive se met en place
entre le mode instable et l’e´coulement moyen, qui me`ne a` l’amplification d’une oscillation
inertielle qui de´stabilise la couche critique. Cette de´stabilisation se traduit par la ge´ne´ration
d’ondes de gravite´ courtes et intenses.
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3.1 Pre´liminaires
Comme nous l’avons vu en introduction, la dynamique des effets montagneux
ne saurait se re´duire aux effets e´quilibre´s d’e´chelle plane´taire ou synoptique. Il est
donc ne´cessaire de re´duire notre e´chelle horizontale d’e´tude. Dans la suite, nous nous
placerons donc dans le domaine des e´chelles dites sous-synoptiques, c’est-a`-dire in-
terme´diaires entre les e´chelles synoptiques et les me´so-e´chelles, correspondant typique-
ment a` la centaine de km. Nous garderons le cadre ide´alise´ du proble`me de Eady pour
e´tudier l’effet des montagnes sur l’atmosphe`re, de fac¸on a` rendre compte des instabilite´s
baroclines. Avant d’envisager de forcer l’atmosphe`re a` des e´chelles sous-synoptiques, il
est utile de connaˆıtre les modes propres, instables ou non, du proble`me de Eady a` ces
e´chelles. C’est en effet sur ces structures que va se projetter la re´ponse a` notre forc¸age.
Nous aurons donc le soucis de bien comprendre leur dynamique line´aire, mais aussi
nonline´aire. En particulier, il s’agit de quantifier le niveau de saturation nonline´aire
de ces structures, et ainsi le niveau d’impact physique que l’on peut re´ellement en
attendre. Avant d’aborder cette e´tude proprement dite, faisons quelques rappels sur
les singularite´s dans le proble`me de Eady, et sur leur traitement mathe´matique.
Instabilite´s dans les e´coulements cisaille´s
Ce domaine d’e´chelles interme´diaires est pre´cise´mment la` ou` se fait la transition
entre deux domaines extreˆmes : d’une part la dynamique de grande e´chelle des mou-
vements vorticaux, ge´ne´ralement rassemble´s sous le concept unificateur des ondes de
Rossby, et d’autre part la dynamique de petite e´chelle des ondes de gravite´ pour
lesquelles l’e´coulement est divergent sur l’horizontale. Il se trouve que la complexite´
mathe´matique du proble`me augmente assez brutalement lorsque l’on se propose de
travailler dans cette zone interme´diaire, ou` l’on doit notamment tenir compte de la
rotation terrestre pour les ondes d’inertie-gravite´. D’un point de vue physique, on
pouvait s’y attendre puisque l’on fait maintenant coexister deux me´canismes ondula-
toires fondamentalement diffe´rents.
Ainsi, de par leur abord plus simple, les deux domaines extreˆmes ont fait l’objet
d’e´tudes largement plus nombreuses, et donne´ lieu a` des de´veloppement conceptuels
approfondis et fructueux de fac¸on plus ou moins paralle`le. Par exemple, la vision
en termes d’anomalies de vorticite´ potentielle et d’interaction a` distance de modes
de Rossby contra-rotatifs (Bretherton, 1966) a fait conside´rablement progresser notre
compre´hension des instabilite´s barocline et barotrope ge´ostrophiques. Ce faisant, les
efforts consacre´s a` la question ge´ne´rale des instabilite´s des e´coulements cisaille´s ont
ne´anmoins permis de baˆtir des ponts conceptuels importants entre les deux domaines.
Ainsi, l’instabilite´ de Kelvin-Helmholtz peut eˆtre vue comme un cas particulier d’in-
stabilite´ barotrope, en terme d’interaction a` distance d’anomalies de vorticite´ (Drazin
et Reid, 1981). Dans cet esprit, un autre concept fort est celui de sur-re´flection, qui
permet d’appre´hender les instabilite´s d’e´coulements cisaille´s a` toutes les e´chelles (voir
par exemple Lindzen 1988, pour une revue). Cependant, cette approche n’est pas tou-
jours la plus adapte´e, et c’est ce qui justifie les efforts actuels pour e´largir le champ
d’application de la vision en terme d’interaction a` distance (Harnik et Heifetz 2007,
Harnik et al 2008, Umurhan et al 2008).
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Diffe´rentes facettes du proble`me de Eady et ses singularite´s
Revenons donc au proble`me de Eady 2D ou assimile´. Nous conside´rons un vent de
base cisaille´ line´airement U(z) = U(z) ex = (U0 +Λz) ex, et nous cherchons les modes
propres des perturbations sous la forme w(x, z, t) = ℜ{wˆ} (ℜ pour la partie re´elle),
avec wˆ = W (z) . e
z
2Hρ . ei(kx−ωt), ou` Hρ = (− ddz ln ρ0)−1 est la hauteur caracte´ristique de
l’atmosphe`re. De fac¸on ge´ne´rale, on peut toujours e´crire une e´quation dite de structure
verticale pour la vitesse verticale w (Inverarity et Shutts, 2000).
Aux petites e´chelles, cette e´quation de´crit la dynamique des ondes de gravite´, et
prend la forme :
d2 wˆ
dz2
− 1
Hρ
d wˆ
dz
+
[
N2k2
Ω2
− k2
]
wˆ = 0 ,
ou` Ω = ω−kU(z) est la pulsation intrinse`que. Le terme du milieu n’apparaˆıt pas dans
l’approximation de Boussinesq. De meˆme le terme −k2wˆ disparaˆıt dans l’approxima-
tion hydrostatique. La particularite´ essentielle de cette e´quation est donc l’existence
d’un niveau critique la` ou` Ω s’annule.
Au contraire, aux tre`s grandes e´chelles cette e´quation peut par exemple prendre la
forme propose´e par Eady (1949) dans le cadre de l’approximation de Boussinesq :
d2 wˆ
dz2
− 2Λk f
2
Ω(Ω2 − f 2)
d wˆ
dz
+
N2k2
Ω2 − f 2 wˆ = 0 .
Cette fois l’e´quation admet deux singularite´s supple´mentaires, les niveaux critiques
inertiels, ou` Ω = ±f . Mais si les e´chelles sont tre`s grandes et/ou le cisaillement Λ faible,
ces niveaux critiques sont tre`s e´loigne´s les uns des autres. Ainsi, dans la configuration
classique du proble`me de Eady avec toit, on peut aux grandes e´chelles ne´gliger la
pre´sence des niveaux critiques inertiels, en supposant que Ω ≪ f . Ceci revient a`
s’inte´resser a` des mouvements a` faible nombre de Rossby. L’e´quation pre´ce´dente prend
alors la forme simplifie´e suivante ans le cadre de l’approximation Boussinesq :
d2 wˆ
dz2
+ 2
Λk
Ω
d wˆ
dz
− N
2k2
f 2
wˆ = 0 ,
qui n’est autre que l’e´quation Omega (Holton, 1992). Le remplacement du terme en wz
par la vitesse me´ridienne v dans cette e´quation, en utilisant par exemple les e´quilibres
ge´ostrophique et hydrostatique, fait alors disparaˆıtre la singularite´ en Ω = 0. Dans
cette formulation, le niveau critique devient en fait un niveau non singulier appele´
niveau directionnel (en anglais “steering level”). Son roˆle est alors mis en e´vidence
dans le cadre de la vision de Bretherton (1966) de l’instabilite´ barocline. Cependant son
caracte`re critique re´apparaˆıt en pre´sence d’un gradient me´ridien de vorticite´ plane´taire
(“effet β”) ou plus ge´ne´ralement d’un gradient me´ridien de vorticite´ potentielle de l’e´tat
de base, comme le montre la the´orie de la sur-re´flection de l’instabilite´ barocline. Il
re´apparaˆıt aussi a` cause de la compressibilite´ du fluide dans le cadre ane´lastique. Pour
le voir, on s’inte´resse plutoˆt a` l’e´quation ge´ostrophique du ge´opotentiel φ (Charney,
1947) :
d2 φˆ
dz2
−
[
β + Λk/Hρ
Ω
+
N2k2
f 2
+
1
4H2ρ
]
φˆ = 0.
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Traitement mathe´matique des singularite´s
Dans le cas qui nous inte´resse, nous seront donc oblige´s de prendre en compte
a priori les trois niveaux critiques. Illustrons la me´thode ge´ne´rale sur une e´quation
diffe´rentielle du type de celle que nous aurons a` traiter, c’est-a`-dire d’ordre 2 et de la
forme :
W ′′(z) + p(z).W ′(z) + q(z).W (z) = 0
ou` la variable z peut eˆtre complexe. Cette e´quation admet un point z0 dit singulier si
la fonction p ou q est singulie`re en z0, c’est-a`-dire non analytique en z0. La plupart du
temps, cela induit un comportement singulier des solutions en z0, mais pas toujours.
D’autre part, parmi les singularite´s possibles d’une solution, il y en a de plus “fortes”
que d’autres. Pour cela on distingue les points singuliers re´guliers des irre´guliers. En
l’occurence, le point singulier est re´gulier si (z − z0).p(z) et (z − z0)2.q(z) sont analy-
tiques en z0. Par contre, il est irre´gulier si ce n’est pas le cas. S’ouvre alors toute la
zoologie des solutions a` singularite´ irre´gulie`re ou essentielle, pour laquelle il n’existe
pas de the´orie ge´ne´rale.
Dans le cas d’un point singulier re´gulier, il existe heureusement une the´orie. On
sait qu’il existe toujours au moins une solution de la forme
W (z) = (z − z0)αA(z),
ou` A(z) est analytique en z0 et de´veloppable en se´rie de Taylor sur un domaine allant
au moins jusqu’au prochain point singulier (Bender et Orszag, 1978). Le nombre α
peut eˆtre complexe, et il est appele´ exposant indiciel. On peut donc chercher W sous
la forme d’un de´veloppement en se´rie de Frobenius valable jusqu’au prochain point
singulier,
W (z) = (z − z0)α
+∞∑
n=0
an (z − z0)n
ce qui me`ne a` une e´quation du second ordre ve´rifie´e par α :
α2 + (p(0)− 1)α+ q(0) = 0 .
La plupart du temps, cela me`ne alors a` deux solutions line´airement inde´pendantes,
avec des exposants diffe´rents α1 et α2. On voit donc que si par chance α1 et α2 sont des
entiers naturels, alors en fait la solution ge´ne´rale n’est pas singulie`re. On parle alors de
singularite´ apparente. Si l’un des exposants est entier ne´gatif, on a donc une singularite´
classique de type pole. Enfin, dans le cas ge´ne´ral les exposants sont complexes, et on
parle alors de point de branchement. Dans ce cas il est alors ne´cessaire de couper le plan
complexe, car la fonction puissance d’un complexe (z−z0)α peut eˆtre multivalue´e, tout
comme la fonction logarithme. Ce point est essentiel pour l’e´tude des niveaux critiques,
comme nous le verrons, car l’effet du niveau critique sur W de´pend du coˆte´ par lequel
la singularite´ est contourne´e dans le plan complexe. C’est un raisonnement de ce type
qui a permis a` Booker et Bretherton (1967) de quantifier pour la premie`re fois l’effet
d’absorption d’une onde de gravite´ par un niveau critique.
Parfois cependant, on obtient pas deux solutions inde´pendantes sous forme de
de´veloppement de Frobenius, mais une seule, l’autre faisant apparaˆıtre en plus une
fonction logarithme. Cela dit la singularite´ logarithmique est en quelque sorte une
version de´ge´ne´re´e du point de branchement, et reste une singularite´ re´gulie`re. Dans
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le cadre de la the´orie des niveaux critiques, les singularite´s sont des points de bran-
chement classiques en 3D, mais deviennent logarithmiques en 2D (voir par exemple
Yamanaka et Tanaka, 1984). C’est dans ce cadre que nous nous placerons, et nous ver-
rons notamment l’influence de la compressibilite´ de l’atmosphe`re dans sa formulation
ane´lastique.
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3.2 Introduction
It is now recognized that gravity waves (GWs) and inertia gravity waves (IGWs)
are relatively ubiquitous in the atmosphere, and that they influence the large scale
circulation, notably in the middle atmosphere (Fritts and Alexander, 2003). Never-
theless, our ability to parameterize them correctly in the general circulation models is
currently limited by our lack of knowledge about their sources (Kim et al 2003, McLan-
dress and Scinocca 2005). Notably, the processes that link balanced flow to IGWs are
still poorly understood (see for example Plougonven and Snyder 2007, and ref therein).
One of these mechanisms is the unstable coupling between a partially balanced surface
Eady wave and an IGW of the same wavelength, through a critical level (Plougonven
et al, 2005).
A stationary wave perturbation of wavenumber k and frequency ω superimposed
on a background windshear U(z) will meet critical levels where its intrinsic frequency
Ω = ω − kU(z) is equal to 0 (Booker and Bretherton 1967, called thereafter Classical
critical Level, or CL), or equal to the inertial frequency Ω = ±f (Jones 1967, called the-
reafter Inertial critical Levels, or IL). In a uniform two-dimensional (2D) background
windshear, one CL zCL is surrounded by two ILs z
±
IL, as schematized in Fig. 3.1 for
the general 2D Eady problem. In two dimensions, the IGWs cannot propagate inside
of the layer between z+IL and z
−
IL, because the intrinsic frequency is smaller than f ,
whereas they can propagate outside. In 3D, the there exist also a pair of turning levels
between the two ILs (Yamanaka and Tanaka, 1984). Thus, the layer between these two
turning levels will thereafter be called the evanescence layer.
If we consider different horizontal scales 1/|k| for the perturbation, decreasing from the
synoptic scales to the mesoscales, the corresponding ILs become closer to each other as
1/|k| decreases. Meanwhile, the associated dynamics also changes, from the classical
Quasi-Geostrophic (QG) dynamics of the Eady problem to the short GWs dynamics.
In the former, there is a unique CL in the flow domain between the two boundaries.
In the latter, the critical levels become so close to each other in comparison with the
height of the upper boundary that they collapse into a unique CL. For intermediary
subsynoptic scales, the dynamics is that of IGWs, for which we cannot neglect the the
role of the ILs.
Unstable modes have been proved to exist these three domains of scales, when there
are one, two or three critical levels in the flow domain (Charney 1947, Eady 1949,
Stone 1970, Tokioka 1970, Tai 1983, Rosenthal and Lindzen 1983, Nakamura 1988)1
Actually, the existence of such unstable modes in a baroclinic shear can generally be
related to conditions leading to over-reflection, as shown by Lindzen et al. (1980) for
the geostrophic baroclinic instability, Rosenthal and Lindzen (1983) for GWs, and Tai
(1983) for IGWs. Historically, the over-reflection process was used to interpret other
kinds of shear instabilities in the presence of boundaries, like the Kelvin-Helmoltz one
(Lindzen and Rosenthal 1976) and the barotropic one (Lindzen and Tung, 1978). In
this over-reflection process, the existence of a critical layer inside of which the waves are
evanescent, and which is separating two propagation areas, was shown to be necessary
for the instability to appear, in addition to rigid boundaries or turning levels at both
ends of the domain (Lindzen et al. 1980, Miller and Lindzen 1988). In these instabilities,
1Note that a critical level is not systematically really singular, depending on the model approxi-
mations used. For example, the Charney (1947) model in the f plane is singular in the anelastic
framework but not within the Boussinesq approximation.
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the mechanism by which the unstable mode draws some energy from the background
shear flow is often presented as reminiscent of the Orr (1907) mechanism, involving
the wave fields vertical tilt as regards to the shear.
z
U(z)
IL
CL
IL
x
IL
CL
ILSTATIONARY
UNSTATIONARY
a)
z U(z)
IL
CL
b)
Fig. 3.1 – Wave perturbation on a uniform background windshear Λ, in the classical Eady
problem for subsynoptic scales : a) general case, b) with no surface wind, as in PMS (CL :
Classical critical Level, IL : Inertial critical Level). For 2D unstationary modes, the CL is
not localized where the wind vanishes.
In the present study, we concentrate on the unstable modes that have only two
critical levels in the flow domain, the lower IL being under the surface (Fig. 3.1b). These
modes appear for subsynoptic scales (Stone 1970, his Fig. (2) and following), and have
a structure different from the geostrophic unstable modes. Thus, hereafter they will
be called unstable Non-Geostrophic (NG) Eady modes. In particular, the evanescence
layer between the surface and the IL bears the propagation of a subsynoptic scale
baroclinic Eady edge wave, which can be highly non-geostrophic, whereas above the IL
an IGW can propagate at the same phase velocity. This structure was first described by
Tokioka (1970), and later by Nakamura (1988) who introduced the idea of a baroclinic
interaction between an Eady edge wave and an inertial critical layer to interpret the
dynamics of these unstable modes. Yamazaki and Peltier (2001a and b) extended this
study for meridional wavenumbers. This supports the earlier of Tai (1983), who have
shown within the hydrostatic Boussinesq approximation, that in this configuration
over-reflection will always occur, giving rise possibly to the growth of an unstable mode
growth. Later, Wurtele et al (1996, 1999, 2000) examined the forcing of such modes by
analytical and nonlinear simulations, and showed that a stationary response cannot
be expected for some oscillatory modes. In the same time, Shutts (2001) identified
such structures, coupling surface baroclinic Eady waves and upper IGWs trains, in
the polychromatic response to the forcing by an isolated mesoscale mountain. Shutts
(2003) extended this study for 3D linear wind shears.
More recently, Plougonven et al. (2005) (hereafter PMS) have shed new lights on
the structure of these modes by analytical and numerical calculations in the linear
hydrostatic Boussinesq framework. Particularly, they have quantified analytically and
numerically the amplitude of the coupling, computed by different means their growth
rate and phase velocity, and the dependance on Rossby number and height of the up-
per rigid lid ztop. They also confirmed that unstable modes also exist with no upper
rigid lid (ztop →∞) but a radiation upper boundary condition. An example of such a
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mode, calculated by the method of PMS, is shown in Fig. 3.2a and will be discussed in
subsection 3.4.1. The growth rates found are significantly smaller than those obtained
for the longer geostrophic baroclinic unstable modes, as found earlier by Stone in the
case of Richardson numbers typically higher than 1. Note nevertheless that for small
Richardson numbers, both kinds of unstable modes have comparable growth rates,
especially for strong meridional wavenumbers (Stone, 1970).
The present study is motivated by the need to understand and quantify the pro-
cesses of secondary generation of IGWs linked to the orography forcing, as a conse-
quence of short mountain GWs breaking. The next chapter is devoted explicitly to this
aim. In this respect, the main objectives of the present chapter are (i) to check that we
are able to simulate correctly the linear and nonlinear interaction between balanced
motion and IGWs near critical levels, in the NG Eady problem, and (ii) to characterize
the linear and nonlinear dynamics of these unstable modes in our viscid anelastic and
non hydrostatic framework. In particular, to measure the very low growth rates we
needed high vertical resolution and low diffusivity parameters (viscosity and conduc-
tivity). Consequently, the numerical cost restrains the study, for the moment, to the
2D modes (k = k.ex). Also, this study will allow to evaluate the effects of compres-
sibility (anelastic) and non hydrostasy on the unstable modes. Indeed, as shown first
by Teitelbaum et al (1987), the nature of the approximations used must change the
nature of the singularities of the problem, which can modify at least quantitatively
the over-reflection process. Finally, we need to understand the nonlinear saturation of
these modes, and to assess their saturation amplitude, in order to decide wheither this
mechanism that couples balanced motion to IGWs is significant or not.
To our knowledge, the nonlinear saturation of these unstable NG modes was never
adressed. Their hybrid structure make think that the nonlinear saturation process will
be a combination of those that were described respectively for large scale 2D Eady
waves (Nakamura and Held, 1989), and for IGWs (Lelong and Dunkerton, 1998a and
b). For the large scale 2D Eady waves in the absence of IL, Nakamura and Held (1989)
have shown that the saturation results from a nonlinear equilibration : the background
stratification is modified by the advection of the Potential Vorticity (PV) produced
near the surface fronts. For IGWs, the breaking process was characterized by Dun-
kerton (1997) and Lelong and Dunkerton (1998a,b). They have extended respectively
by linear stability analyses and numerical simulations the earlier studies of breaking
GWs (Winters and D’Asaro 1989, Winters and Riley 1992, Winters and D’Asaro 1994,
Fritts et al. 1994, Fritts et al. 1996a). They confirmed notably the importance of three
dimensionnal (3D) effects in the acceleration and complexity of the breakdown, but
also the predominance of Shear Instability (SI) over Convective Instability (CI) during
the early stages of the breakdown. Indeed, Winters and D’Asaro (1994) shown that
a 2D simulation can over-estimate the lifetime of the elongated unstable shear layers
which appear in a breaking background GW. Nevertheless, we show in this study that
a 2D nonlinear simulation of the NG modes saturation might be relevant to measure at
least an upper bound of the level of saturation, and to characterize the mechanism du-
ring the early stages of the breakdown. Finally, the fact that these NG modes present
elongated sheared and overturned tongues in the flow is also challenging because of
the amount of potential energy stored in it. During the breakdown, this can result in
the generation of smaller scale IGWs through linear mechanisms (Sutherland et al.
1994), as well as nonlinear mechanisms, like the enveloppe radiation (Scinocca and
Ford, 2000) or the mixed-layer collapse (Bhu¨ler et al., 1999).
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The outline of the chapter is as follows. The section 3.3 presents the linear theory
of the unstable NG Eady modes in relation with the over-reflection of IGWs, in the
framework of the nonhydrostatic anelastic 2D equations. The section 3.4 is dedicated
to the results of the linear numerical simulations, which are compared to the results
obtained by PMS in the hydrostatic Boussinesq framework. In section 3.5, we describe
the nonlinear saturation mechanism for the most unstable mode. The model equations,
definitions and notations, and numerical details are presented in the appendix, or in
the body of the text when needed.
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3.3 Linear theory and over-reflection for inertia-
gravity waves
3.3.1 The vertical structure equation
Following Inverarity and Shutts (2000, Eq.(24)), the linear vertical structure equa-
tion of the first order 2D perturbation to a uniformly sheared background flow U(z).ex =
(U0 + Λz).ex can be derived from the inviscid nonhydrostatic anelastic equations, for
an inviscid and adiabatic fluid with constant background stratification N2 and on the
f -plane. Searching an eigenmode vertical velocity of the form w(x, z, t) = ℜ{wˆ} (ℜ for
real part), and taking
wˆ = W (z) . e
z
2Hρ . ei(kx−ωt), (3.1)
where Hρ = (− ddz ln ρ0)−1 is the characteristic height of the atmosphere, we obtain
ξ(ξ2−1) d
2W
dξ2
+2
dW
dξ
+
[
Ri ξ − α
√
Ri
Bu
(ξ2 + 1)− α
2
4
Ri
Bu
ξ(ξ2 − 1)− δ2 Ri
Bu
ξ3
]
W = 0,
(3.2)
which is written in terms of the reduced variable ξ = −Ω
f
, where Ω = ω − kU(z) is
the intrinsic frequency. In Eq. (3.2), we have introduced the Richardson and Burger
numbers Ri and Bu, defined and related to the Rossby number Ro by
Ri =
N2
Λ2
, Bu =
(
NH
fL
)2
, and Ro =
ΛH
fL
=
√
Bu
Ri
, (3.3)
where L = 1
k
and H are respectively the horizontal and vertical scales of the motion.
We have also introduced
α =
H
Hρ
, and δ =
H
L
=
f
N
√
Bu, (3.4)
which characterize respectively the importance of the compressibility in the anelastic
equations, and of the nonhydrostaticity. The hydrostatic Boussinesq version can be
retrieved taking α = δ = 0.
The Eq. (3.2) has four singular points in ξ = 0, ±1 and∞ (Bender and Orzag 1978,
Olver 1974). In the hydrostatic Boussinesq case, these singularities are all regular, and
the point ξ = 0 is an apparent singularity. By contrast, we see that the anelastic terms
introduce two important modifications. First, the singularity in ∞ become irregular
because of the terms of order higher than 2 in ξ. Incidentally, we note that the non-
hydrostatic term has the same impact. Second, the singularity in 0 is still regular, but
the calculations show that it is no more apparent, except if Ri = 1.
The eigenmode’s frequency is the eigenvalue of Eq. (3.2) constrained by given
boundary conditions, and must be considered complex in the general case : ω = ωr+iωi.
The growth rate is ωi, and the mode is unstable if ωi > 0. Because of that, the
singularities of Eq. (3.2) are slightly moved into the complex plane out of the real
axis of the altitudes z. Nevertheless, as we generally obtain very small growth rates,
|ωi| ≪ f and we can still define the critical levels by reasonning on the real part of Ω :
zCL =
1
Λ
(ωr
k
− U0
)
and z±IL =
1
Λ
(
ωr ∓ f
k
− U0
)
, (3.5)
even if they are not strictly singular.
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3.3.2 The conservation of the angular momentum vertical flux
Following Jones (1967), we first consider a parcel of fluid that is oscillating with the
wave perturbation velocity u = (u, v, w), around a reference position x0 = (X0, Y0, Z0)
which is moving with the background flow at the velocity U = U.ex. We define the
eulerian field of the parcel displacement ν(x0, t) = (ν1, ν2, ν3) from the rest position
x0, which satisfies
u(x0, t) = (∂t + U∂x)ν(x0, t) (3.6)
The vertical component of the angular momentum of this parcel (per unit volume), in
the f-plane terrestrial referential, is
ρ0.(X0 + ν1).(v + f/2(X0 + ν1))− ρ0.(Y0 + ν2).(U + u− f/2(Y0 + ν2)) =
ρ0.f/2(X
2
0 + Y
2
0 )− Y0U + ρ0.X0(v + fν1)− ρ0.Y0(u− fν2) + ρ0.(vν1 − uν2) (3.7)
After neglecting the last wave quadratic terms by considering that the position x0 can
be chosen arbitrarily far from the origin, the mean vertical flux of angular momentum
carried by the wave is obtained :
ρ0.X0 (v + fν1)w−ρ0.Y0 (u− fν2)w = ρ0
2
.X0ℜ{wˆ∗(vˆ+f νˆ1)}− ρ0
2
.Y0ℜ{wˆ∗(uˆ−f νˆ2)} .
(3.8)
In Eq. (3.8) we have moved in the complex plane by assuming a wave mode u =
ℜ{(uˆ, vˆ, wˆ)} of the form of Eq. (3.1). Reminding the 2D inviscid linear polarization
relations for the wave perturbation of Eq. (3.1), which were used to obtain Eq. (3.2),
−iΩ uˆ+ Λ wˆ − f vˆ + ik φˆ = 0 (3.9)
−iΩ vˆ + f uˆ = 0 (3.10)
−iΩ wˆ + ∂zφˆ− g
θ0
θˆ = 0 (3.11)
ik uˆ+ (∂z − 1
Hρ
) wˆ = 0 (3.12)
−iΩ θˆ +Θy vˆ + θ0z wˆ = 0 , (3.13)
we then formulate the angular momentum flux only in terms of wˆ, by using the
Eqs. (3.10), (3.12), and (3.6) :
ℜ{wˆ∗(uˆ− f νˆ2)} = 1
k
ℜ
{
i
(
f 2
Ω2
− 1
)(
− 1
Hρ
|wˆ|2 + wˆ∗dwˆ
dz
)}
(3.14)
ℜ{wˆ∗(vˆ + f νˆ1)} = 0 ( in 2D only) .
Asymptotic equations :
In the following, we adapt the method of Tai (1983) to the present nonhydrostatic
anelastic 2D equations. Note that some of the following equations are written with the
sign ≈ instead of =. This means that they are written under the assumption that the
imaginary part of ξ, ℑ{ξ} = −ωi
f
, is small enough to be neglected in front of the real
part ℜ{ξ} and ℜ{ξ} − 1, except when ξ is very close to the singular points 0 and 1
respectively. This is strictly valid for a neutral mode in inviscid conditions, in which
case ωi = 0. But it is only approximate for an unstable mode, even if inviscid. Conse-
quently, these equations with ≈ must be read as asymptotic relations in the case of
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vanishing growth rate and viscosity. The smaller the growth rate is, the more accurate
is this approximation. This fact must be stressed, since this asymptotic approach is
largely used in the litterature, but not often discussed.
Under this asymptotic approach (
∣∣∣ωif ∣∣∣ ≪ 1), the Eq. (3.14) can be simplified by
considering that Ω (or ξ) is near real :
ρ0
2
ℜ{wˆ∗(uˆ− f νˆ2)} ≈ − ρ0
2k
ℑ
{(
1
ξ2
− 1
)
wˆ∗
dwˆ
dz
}
≡ −G(z) (3.15)
Thus, in the following, the function G(z) will represent the asymptotic vertical profile
of the opposite of the vertical flux of angular momentum (by unit length).
Now, the Eq. (3.2) is rewritten by introducing the polynoms p˜(ξ) and q˜(ξ),
p˜(ξ)
d2W
dξ2
+ 2
dW
dξ
+ q˜(ξ)W = 0 , (3.16)
and by introducing Ψ(z) = e
R dξ
ξ(ξ2−1) .W (z) we obtain the canonical form of the vertical
structure equation,
d2Ψ
dξ2
+Q(ξ) Ψ = 0, where Q(ξ) =
p˜q˜ − 1 + p˜′
p2
(3.17)
is a function singular in 0 and ±1. From this last equation we deduce that
d
dξ
(
ℑ
{
Ψ∗
dΨ
dξ
})
= −ℑ{Q}|Ψ|2 ≈ 0 , (3.18)
and by using the definition of Ψ and the one of G(z) in Eq. (3.15), we also obtain
d
dξ
(
ℑ
{
Ψ∗
dΨ
dξ
})
≈ 2f
Λ
e
2
R dξ
ξ(ξ2−1) .
ξ2
1− ξ2
dG
dξ
. (3.19)
Finally, the Eqs. (3.18)-(3.19) imply the following simple property between the critical
levels :
dG
dξ
≈ 0. (3.20)
This means that G(z), or the vertical flux of vertical angular momentum, is a constant
between the critical levels under the previous asymptotic assumptions, that is for an
inviscid and neutral mode. Nevertheless, G can have discontinuities at the critical
levels. Actually, since ωi 6= 0 for an unsteady and viscid mode, G will undergo abrupt
but continuous variations near the critical levels.
Note that this asymptotic result is equivalent to the Eliassen-Palm (EP) theorem
for small amplitude IGWs. Indeed, as shown in appendix C, in our context the zonal
mean vertical EP flux can be defined as
F z = ρ0
[
f
θ0z
vθ − uw
]
. (3.21)
Straightforward manipulations of Eqs. (3.10), (3.12) and (3.13) show that
uw = − 1
2k
ℑ
{
wˆ∗
dwˆ
dz
}
and (3.22)
f
θ0z
vθ = − 1
2k
1
|ξ|2 ℑ
{
(
d
dz
− 1
Hρ
)wˆ
[
− H√
BuRi
1
ξ
(
d
dz
− 1
Hρ
)wˆ∗ + wˆ∗
]}
.(3.23)
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The asymptotic form of the last equation leads to the well known relationship
f
θ0z
vθ ≈ f
2
|Ω|2 uw, (3.24)
which yields
F z ≈ ρ0
2k
(
1− 1|ξ|2
)
ℑ
{
wˆ∗
dwˆ
dz
}
≈ −G(z) (3.25)
Thus, in the asymptotic limit, that is for a neutral and inviscid perturbation, we
retreive the common result that the vertical EP flux is equal to the vertical flux of
angular momentum.
3.3.3 The asymptotic over-reflection criterium
Now we form the vertical energy flux pw by the combination iw
∗
2Ωk2
[−Ωk (3.9) −
ifk (3.10) + (f 2 − Ω2) (3.12) ], which yields :
pw =
ρ0
2
ℜ
{
i
Ωk2
[
[ΛΩk − Ω
2 − f 2
Hρ
] . |wˆ|2 + (Ω2 − f 2) wˆ∗∂zwˆ
]}
, (3.26)
where p = ρ0φ is the pressure perturbation, and ∗ denotes the complex conjugate.
Simplifying this formula by considering again that Ω is real, under the same asymptotic
limit as previously, we obtain :
pw ≈ ℜ{Ω}
k
ρ0
2k
ℑ
{(
1
ξ2
− 1
)
wˆ∗
dwˆ
dz
}
≡ 1
k
ℜ{Ω}G(z). (3.27)
Given that G(z) is nearly constant between the critical levels, the asymptotic vertical
energy flux will therefore essentially follow the variations of Ω between the singularities.
To know the impact of the singularities on the energy flux, we need to calculate
explicitely the jumps ofG(z). Because of the anelastic and hydrostatic correction terms,
the Eq. (3.2) cannot be transformed into the hypergeometric equation, as it is the case
in the Boussinesq framework. Nevertheless, its solutions can still be developped in
more general Frobenius series around the singularities (Olver, 1974). As said before,
the eigenmodes we study here appear in the presence of only 2 critical levels (ξ = 0
and ξ = −1), the lower IL (ξ = 1) being under the surface. Around ξ = 0 we find
W (ξ) = A0
[
γ ξ3 wB0 (ξ) log(ξ) + w
A
0 (ξ)
]
+B0 ξ
3 wB0 (ξ) (3.28)
where
γ =
α
3
√
Ri
Bu
(Ri− 1) , (3.29)
and around ξ = 1,
W (ξ) = A1
[
wB1 (ξ) log(ξ − 1) + wA1 (ξ)
]
+B1 w
B
1 (ξ) . (3.30)
In Eqs. (3.28) and (3.30), A0, B0, A1 and B1 are constants. The functions w
A
0 and w
B
0
are analytical in 0, satisfying wA0 (0) = w
B
0 (0) = 1, and are expandable in Taylor series
around 0 on a domain of radius larger than 1. The functions wA1 and w
B
1 are analytical
in 1, satisfying wA1 (1) = 0 and w
B
1 (1) = 1, and are expandable in Taylor series around
1 on a domain of radius larger than 1. Now we use the Eqs. (3.28)-(3.30) to calculate
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the jumps of G across the two critical levels, taking into account that ωi > 0 for an
unstable mode when choosing the branch cuts in the complex plane. We find that
across zIL,
G+1 −G−1 = ρ0(0)
|Λ|
2f
2pi |A1|2 , (3.31)
which is always positive. And across zCL,
G+0 −G−0 = γ ρ0(0)
|Λ|
2f
3pi |A0|2 , (3.32)
which is of the sign of Ri− 1, according to Eq. (3.29). Note that the Eqs. (3.31)-(3.32)
are valid for a positive or negative shear Λ, under the convention that the labels + and
− refer to the z-axis oriented upward.
Now we consider an IGW excited from the region under the CL by an Eady edge
wave, which corresponds to the numerical experiments described in the next sections.
If there is no upper rigid boundary but a radiation condition, the vertical flux of
energy must be upward far above the IL because the source is under the CL. Hence
from Eq. (3.27), G+1 ≈ G∞ < 0 because Ω < 0 in this region. If there is a rigid
upper boundary, nevertheless G+1 will not be strictly positive. Let us first consider
the hydrostatic Boussinesq case, by taking α = 0, and hence G+0 = G
−
0 = G
−
1 . From
Eq. (3.31) we deduce that G−0 < 0, hence pw < 0 under the CL where Ω > 0. So, we
retrieve the result of Tai, that for a uniform shear Λ and a constant stratification N2,
and in the presence of only one CL and one IL above the CL, there will always be
over-reflection.
Now, adding the nonhydrostatic term in Eq. (3.2) will not change qualitatively
this result, except that a very high upper rigid boundary might modify slightly the
values of A0 and A1. By contrast, the anelastic corrections introduce a jump in ξ = 0
(Eq. (3.32)) which can change significantly this result, depending notably on the value
of γ and the sign of Ri − 1 through Eq. (3.29). This will be discussed further in the
context of our numerical simulations, in subsection 3.4.2. Note that it was already
noticed by Teitelbaum et al (1987) that the different approximations of the rotating
fluid equations can generally influence quantitatively the over-reflection amplitude.
We shall stress again here that the previous analysis leading to the over-reflection
criterium is asymptotic. This means that the jump expressions in Eqs. (3.31)-(3.32)
are certainly qualitatively true, but quantitatively erronous. As we shall see in the nu-
merical simulations, the existence of a non negligeable growth rate and viscosity will
affect the shape of what was called a discontinuity. It means also that in practice, it
is not possible to localize precisely the level at which the wave will be over-reflected.
Actually, this is related to a more fundamental remark. Namely, for the present Eady
mode, it is not strictly correct to state that the Eady edge wave is over-reflected at
the IL or the CL, as it is not a vertically propagating wave, and as the area between
the surface and the IL is evanescent for IGWs. Rigorous interpretation in terms of
over-reflection in this Eady problem context requires to remind that in reality, visco-
sity will establish continuously the uniform shear Λ from 0 within a thin surface layer
(Bretherton, 1966). Inside of this layer, the shear is not uniform, and the previous
Eady edge waves are now Rossby waves that can propagate vertically. These Rossby
waves can be over-reflected by the global evanescence layer that is above (Lindzen et
al., 1980), in which are localized the singular levels. In such a background wind, the
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over-reflection would be diagnosed by a negative energy flux pw inside of this sheared
boundary layer. In this chapter nevertheless, we do not carry on over-reflection calcu-
lations and keep the windshear uniform in the entire domain. Thus, we will quantify
the instability exclusively in terms of interaction with the mean flow near the IL, and
more generally inside of the whole evanescence layer.
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3.4 Linear growth of unstable NG Eady modes
3.4.1 Numerical simulation of the linear growth - Experiment L
i) Numerical experimental setup
We define a reference numerical experiment called L (Linear), from which we will
start a series of sensitivity tests. From now and until the end of this study,
U0 = 0, (3.33)
since a non zero surface wind does not change the following results in the linear context.
The set of the other physical parameters is :
f = 10−4 s−1, N = 10−2 s−1, L = 100 km, H = 1 km, Λ = 10−2 s−1, ztop = 20 km,
(3.34)
which satisfies
Ri = Ro = Bu = 1. (3.35)
The described computation was made after turning off the nonlinear terms in the
model, with a vertical resolution of ∆z = 10m, with 64 horizontal wavenumbers, with
a diffusivity constant µ = κ = 0.004 m2.s−1 (see also the details about the numerical
model in appendix D). In such conditions, the viscous scale lµ defined by Hazel (1967)
for GWs encountering a CL is
lµ =
[
µL
ρ0Λ
]1/3
∼ 34m. (3.36)
This gives an indication for the vertical resolution needed to compute accurately the
structure of the inertial critical layer.
The growth of the NG mode is triggered by initializing the flow perturbation fields
by a QG balanced Eady edge wave of the same wave number, and same characteristic
height H . This method introduces an inertial oscillation whose amplitude ratio can be
reduced by performing a series of subsequent very long growth simulations.
The choice of these physical parameters is motivated by several arguments. The wa-
velength of the first mode is 2piL ∼ 628km, which corresponds to subsynoptic scales, in
which we are interested. The value of H is then chosen to satisfy Bu=1, in reference to
the quasi-geostrophic (QG) balanced flow case. Taking account of the previous results
from PMS, we chose the values of Λ and ztop in order to obtain a maximum growth
rate, which makes the sensitivity studies easier. Finally, chosing Ro=Ri=1 allows to
compare our anelastic numerical simulation with the Boussinesq one of PMS, in virtue
of the result of section 2 that for Ri=1, the anelastic (and hydrostatic) corrections only
alter the far upper field near the upper boundary but do not change the dynamics near
the singularities. Note that in this 2-D context no symmetric instability can occur in
this linear problem.
Note that as shown by PMS, the existence of a rigid upper boundary condition
is not necessary to obtain unstable modes. We exemplify this in Fig. 3.2, where the
vertical velocity structure obtained by the same experiment as L, but with a 40km
sponge layer added, is shown (b) and compared to the corresponding PMS calculation
(a). Nevertheless, in order to minimize the numerical cost and for simplicity, in the
following we chose to impose a rigid upper boundary at z = ztop rather than a thick
sponge layer or a radiation condition.
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Fig. 3.2 – Vertical velocity of the unstable NG mode : a) computed by PMS, and b) obtained
by the same anelastic numerical simulation as experiment L except that a 40km sponge layer
was added.
ii) Analysis of experiment L
a. Normal mode’s eigenvalue : growth rate and critical levels
The growth rate ωi is measured from the perturbation energy growth presented in
the Figs. 3.3a,b (equations in appendix B), and compared to the result of PMS after
non-dimensionalization by the Eady model characteristic time scale N
fΛ
. In this case,
we found
σ = ωi
N
fΛ
= 0.0211± 1%, (3.37)
which is close to the result obtained by PMS2005 (σPMS=0.0198). The tendencies
shown in Fig. 3.3c will be discussed in a subsequent paragraph, in relation with the
Eliassen-Palm flux profile.
The four wave fields u, v, w and θ are shown in Fig. 3.4, and the geopotential
perturbation φ in Fig. 3.5. In all these fields, the singularity at the IL appears near
z=2km, at the place of the transition between an Eady edge wave and an IGW. This is
particularly clear in the the vertical velocity field in Fig. 3.4c. Note that the CL, which
must be located under the IL at a distance fL
Λ
=1km (Eq. (3.5)), appears near z=1km
as a very smooth maximum of vertical velocity amplitude. Hence, its behaviour is not
singular, consistently with the fact that the CL singularity is apparent for Ri=1. To
corroborate this general observation more precisely, we measure the phase velocity in
the Hofmuller diagram of the vertical velocity at the height z=1km, shown in Fig. 3.6.
We obtain
cΦ = 8.55 m.s
−1 ± 0.2%, (3.38)
which indicates a CL localized near zCL=855m in virtue of Eq. (3.5). This is above the
PMS value (zCL (PMS)=790m) by around 8%. It is also close to the steering level of the
corresponding QG Eady edge wave fL
N
= 1km, but lower. This will be discussed more
generally in section 3.4.2. Now from zCL, the height of the IL can be deduced more
precisely than above :
zIL = zCL +
fL
Λ
= 1855m. (3.39)
80 Chap.3 - Non-geostrophic unstable Eady modes
0 20 40 60 80 100 120 140 160
0
2000
4000
6000
8000
 t ( h )
 
En
er
gy
 (k
g.m
2 .
s−
2 )
 Energy Budget − L
 a)
Etot
0 20 40 60 80 100 120 140 160
6
6.5
7
7.5
8
8.5
9
 t ( h )
 
lo
g(
En
er
gy
)
 σ = 2.10e−06 ± 2.1e−09
 b)
log(Etot)
0 20 40 60 80 100 120 140 160
−0.02
−0.01
0
0.01
0.02
0.03
0.04
0.05
 t ( h )
 
En
er
gy
 T
en
de
nc
y 
(kg
.m
2 .
s−
3 )
 c)
total
−U
z
.uw
U
z
.f.vθ/θ0z
µ v∇2v
−v(v∇)v
Fig. 3.3 – Energy budget versus time, in experiment L (section 3.4.1) : a) total energy, b)
Logarithm of the total energy to measure the growth rate, c) tendency terms of the energy
budget (see appendix B). In the legend, the diffusive tendency term µρ0 (v∇2v +
g2
θ20N
2 θ∇2θ)
and the advective tendency term −u(u∇)u − g2
θ20N
2 θ(u∇)θ are indicated schematically by
µ v∇2v and −v(v∇v) respectively. In b), the red dashed line between two red circles is the
linear fit.
b. Wave fields
The three fields u, v, and θ (Fig. 3.4a,b,d) have their amplitude increasing when ap-
proaching the IL. More precisely, we can check that the pictures of Fig. 3.4 satisfy quali-
tatively the linear wave equations for one eigenmode u(x, z, t) = ℜ{uˆ(z) expi(kx−ωt)},
and that the behaviour corresponds to an Eady edge wave under the IL and an IGW
above.
This can be seen by writing the approximate forms of the polarization relation-
ships Eqs. (3.9)-(3.10) at different levels (we neglect the anelastic correction in 1/Hρ),
remembering that Ω(z) = ωr + iωi − kΛz and ωi ≪ f . Near the surface, Ω ∼ f , and
the approximate relations
uˆ ∼ ivˆ ; Λwˆ ∼ 2vˆ − ikφˆ ; wˆz ∼ kvˆ ; g
θ0
θˆ ∼ Λuˆ (3.40)
account correctly for the Eady edge wave phase relationships observed in Fig. 3.4 under
the CL. Near the IL, Ω ∼ −f . This changes the phase relationships to
uˆ ∼ −ivˆ ; Λwˆ ∼ −ikφˆ ; wˆz ∼ −kvˆ ; g
θ0
θˆ ∼ Λuˆ (3.41)
which also corresponds to the structures observed in the critical zone. The fields uˆ and
θˆ are still in phase, but now the phase difference between uˆ and vˆ is of opposite sign. In
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addition, the quasi horizontal tilt of the phase lines is coherent with the fact that for
linear propagating IGWs approaching an IL, the ratio between horizontal and vertical
wavenumbers vanishes. Note nevertheless that the structure of the mode above the
IL reveals the existence of two IGWs superimposed, propagating respectively upward
and downward because of the rigid upper boundary. By comparison, in the NG mode
grown with a sponge layer (Fig. 3.2b), this tilting of the phase lines is more progressive,
because there is no downward propagative IGW in this case. Finally, near the CL we
have Ω ∼ iωi, and the relationships are
uˆ ∼ −ωi
f
vˆ ∼ −2.10−2vˆ ; wˆz ∼ −ikuˆ ; gk
θr
θˆ ∼ −if vˆz (3.42)
which explains respectively that at this level : uˆ and vˆ are in phase opposition, the
vertical divergence of wˆ is weaker, and the phase lines of uˆ and θˆ do not tilt in the
same direction.
The geopotential φ (Fig. 3.5) is a direct picture of the pressure p because for small
pressure perturbations φ ≈ p
ρ0
, which is always the case in this study. Comparison of
the total pressure to its hydrostatic contribution shows a difference smaller than 1%
in amplitude (not shown). Hence, the map of φ can be interpreted through φz =
g
θr
θ
from the map of θ (Fig. 3.4d), starting from the Eady edge wave pressure perturbation
at the surface. The main feature to note is that φ has extrema at the IL, which are
localized in phase with v.
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Fig. 3.4 – Velocity and potential temperature fields of the NG mode of experiment L, at
t=118h. a) zonal velocity u, b) meridonal velocity v, c) vertical velocity w, and d) potential
temperature θ.
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Fig. 3.5 – Geopotential perturbation φ of
the NG mode in experiment L, at t=118h.
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Fig. 3.6 – Hofmuller diagram of the vertical
velocity at 1000m above the surface, to mea-
sure the phase velocity, for the NG mode of
experiment L in section 3.4.1.
c. Energy budget and vertical Eliassen-Palm flux
The energy budget equations used here can be found in appendix B. The phase tilt
under the IL is upshear for v and downshear for θ (Figs. 3.4b,d), which is reminiscent
of the classical baroclinic instability. More generally, this phase tilt allows the unstable
mode to extract potential energy from the baroclinic background flow, by making
the global mean meridional heat flux positive, as shown in the energy tendencies in
Fig. 3.3c (term in vθ, green curve). Conversely, the global mean of the vertical flux of
horizontal momentum is negative, which means that the unstable mode is providing
some horizontal kinetic energy to the background flow (term in −uw, blue curve).
This contribution is nevertheless dominated by the previous one, which makes the
perturbation grow.
More precisely, as explained in Appendix C, we can obtain the vertical distribution
of the previous energy tendencies by calculating the vertical Eliassen-Palm (EP) flux
of this system
F z = ρ0
[
f
θ0z
vθ − uw
]
. (3.43)
The vertical profile of F z and its two components are shown in Fig. 3.7a. In this figure,
the profile is averaged in time over the entire experiment to remove the influence of the
spurious inertial oscillation, and normalized by the maximum of ρ0
f
θ0z
v′θ′. Consistently
with Fig. 3.3c, the meridional heat flux ρ0
f
θ0z
vθ and the vertical flux of horizontal
momentum −ρ0 uw have respectively positive and negative values, and their sum is
positive (black curve) which makes the mode grow. Each of these two flux components
has an extremum in the vicinity of the IL (zIL =1.855km) because of the singularity,
and the energy is provided by the background flow to the unstable NG mode predomi-
nantly at this level. It is also essentially near this inertial singular level that the wave
action exchange is concentrated, as found earlier by Lindzen et al (1980) concerning
the large scale baroclinic instability2. Note also that the flux does not vanish near the
2In our case, the study in terms of action budget did not reveal fruitfull for the following reason.
The derivation of the small amplitude formulation of the action budget, given by Andrews (1987)
for example, requires a first order development of the PV budget for small perturbations. It yields a
relation of the form ∂tA+ ∂zF z = D, where D is a source term linked to all the diffusive effects and
forcings. But in our linear anelastic system, the mean and background PV is P = 1
ρ0
fθ0z[1 − Ri−1],
which it is close to zero when Ri is close to 1. Because of that, the small perturbation approximation
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surface as it would do in the QG case. Actually, it increases a little. This was also
observed by PMS (personal communication).
Note that this typical EP flux profile, associated with the fields structure described
in Fig. 3.4, allow us to interpet the structure of this unstable NG mode in analogy
with the classical counter-propagating Rossby wave perspective for the QG Eady pro-
blem. Namely, as proposed by Nakamura (1988), it can be seen as the result of the
interaction between a boundary Eady wave and an inertial critical layer.
Finally, we note that this profile of the total EP flux F z is consistent with the
previous asymptotic analysis in section 3.3.3. Indeed, F z is everywhere constant except
in the vicinity of the IL where it undergoes a globally negative jump, and near the lower
IL (which is slightly under the surface). The fact that the mode is unstable induces a
discrepancy with the asymptotic profile (section 3.3), which is a strict Heaviside profile.
Instead of that, the flux increases significantly before falling to 0. The Fig. 3.7b will
be described in the next section.
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Fig. 3.7 – a) Vertical Eliassen-Palm (EP) flux F z (black) and its two components ρ0
f
θ0z
v′θ′
(green) and (−ρ0u′w′ (blue) averaged in time in experiment. The profiles are normalized by
the maximum of ρ0
f
θ0z
v′θ′. b) Vertical Eliassen-Palm (EP) flux F z in experiment L but for
different values of Ro. All the profiles are normalized by the maximum of F z for Ro=1, which
is localized at the surface.
breaks down and the diffusive source terms in D become strongly dominant in the action budget, as
regards to the action tendency ∂tA and the EP flux divergence ∂zF z. Nevertheless, we found that
∂tA + ∂zF z ≈ 0, thus F z can still be interpreted as an action flux in our context. But using the
complete lagrangian mean formulation of the action budget might be more relevant here.
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3.4.2 The role of the shear Λ, the Rossby and Richardson
numbers
The sensitivity of the eigenvalues to Ro was studied by PMS. We have carried on
the same sensitivity experiment, and the results are shown in the Fig. 3.8 for compari-
son. Note that here, changing Ro is equivalent to change the shear Λ or the Richardson
number Ri, because the constants N , f , L and Bu are fixed (see Eq. (4.10) with Bu=1).
We keep this in mind for the following discussion.
The Fig. 3.8a presents the phase velocity cφ of the NG mode after normalization by
ΛH , which is also the height of the CL normalized by H (Eq. (3.5)). The curve follow
well the results of PMS, except a constant offset that was not elucidated3, indicating
that the CL falls slowly with Ro but keeps close to the QG steering level (fL
N
= 1km).
More precisely, PMS have shown that the CL keeps but close to (but higher than) the
steering level of the asymptotically balanced Eady edge wave which also falls with Ro
(see their Fig. (4)a for radiating modes). This means that the dynamics of the upward
and downwward IGWs is slaved to the dynamics of the edge wave, even when the
Rossby number Ro is of order 1. In other words, the partially balanced surface Eady
wave strongly controls the dynamics of the NG mode by imposing a CL close to fL
N
.
Indeed, this determines the localization of the IL, and then the growth rate σ only
depends on the two boundary conditions.
The fact that zCL falls with Ro can be seen as a consequence of the non geostrophic
contribution to the dynamics, which makes decrease the effective Burger number NzCL
fL
.
This was first interpreted by Nakamura (1988), by introducing a modified Rossby
radius LR =
√
N2+Λ2 H
f
which depends on the shear. Conversely, we can use it to derive
an approximate law for zCL, namely
zCL ∼ fL√
N2 + Λ2
=
H√
1 + Ri−1
=
H√
1 + Ro2
, (3.44)
which is relatively well followed by the present results and PMS ones (dash-dotted line
in Fig. 3.8a).
Concerning the growth rates (Fig. 3.8b), the bell shape of the curve found by PMS
is retrieved, but shifted and inclined differently. We first discuss this general bell shape,
and then the discrepancy between our anelastic growth rates and the PMS ones.
As said previously, increasing the shear Λ will make fall zCL. But it will also make
fall even faster the distance zIL− zCL = fkΛ = H
√
Ri = H/Ro. For small values of Ro,
this is expected to enhance the growth rate because the inertial layer is getting closer
to surface Eady wave, making it easier their mutual interaction in order to extract
energy from the background flow. In other words, the vertical integral of F z must first
increase when lowering the inertial layer. But when Ro∼1 or larger, zCL and zIL are so
close to the surface that the surface Eady wave and the inertial layer merge together. It
gives a very shallow perturbation that cannot extract some energy. Note that coming
back to the over-reflection point-of-vue (section 3.3.3), it is rather natural to expect
that a resonant height of the inertial layer will be achieved, that maximizes the growth
rate, as it is the case in any resonant cavity.
3This difference is systematic, and might be attributed to the use of the Asselin filtered leap-frog
temporal scheme, which is known to accelerate the waves (Durran, 1999), and to the numerical and
physical diffusive terms in the model.
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Fig. 3.8 – Evolution of the nondimensional phase velocity (normalized by ΛH) (a) and
nondimensional growth rate (normalized by fΛN )(b) versus the Rossby number Ro =
ΛH
fL . All
other parameters are the same as in experiment L in section 3.4.1. The Boussinesq growth
rates obtained by PMS and its ±5% interval are respectively indicated by the dash-line and
the dotted-lines. The dash-dotted line presents the law from Nakamura (1988) in Eq.(3.44).
Now, the discrepancy between PMS results and ours, observed for Ro 6= 1 in
Fig. 3.8a, can be understood qualitatively by using the asymptotic results obtained in
section 3.3.3. Notably the Eqs. (3.29), (3.28) and (3.32) quantify, in the asymptotic
limit, the influence of the regular singularity appearing at the CL for Ri 6= 1 upon the
energy transfer between the background flow and the perturbation. These theoretical
jumps at the CL have also been observed on the EP flux profiles in our numerical
simulations. This is summarized in the Fig. 3.7b, in which each profile have been
normalized by the maximum of the EP flux in the case Ro=1 (black curve) for easy
comparison4. As expected from the calculations in section 3.3.3, the profiles for Ro 6= 1
show a jump at the CL which increases roughly as Ro− 1 (the corresponding jump of
G increases as Ri− 1), accounting for the more and more significant singularity that
arises far from Ro=Ri=1.
Thus, the influence upon the growth rates can be analysed as follows. First, in the
domain Ro < 1 (Ri > 1) we have G−0 < G
+
0 < 0. This means that the over-reflection
should be reinforced at the CL, by a supplementary amount of energy provided by the
background flow to the unstable mode. Consequently the growth rate must be larger
than in the Boussinesq framework of PMS. That is what we observe in Fig. 3.8a. By
contrast, if Ro > 1 (Ri < 1) we have G−0 > G
+
0 < 0, and hence the unstable mode
leaves a part of its energy to the background flow near the CL, which should reduce
the growth rate. This is also observed in Fig. 3.8a. Moreover, γ is actually proportional
to
√
Ri (Ri− 1), which probably explains that the discrepancy is more pronounced for
Ro < 1 than for Ro > 1. Finally, the fact that we still find unstable growth rates
for Ro > 1 prooves that this second singularity at the CL is not strong enough to
prevent the growth thanks to over-reflection. This was actually expectable because
this singularity is somewhat less fundamental than the one at the IL, disappearing
progressively when Ri gets closer to 1.
4Note that this maximum in the black curve is localized at the surface, and not at the IL.
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3.4.3 Other sensitivity studies
In this section, we present some supplementary results to complete the benchmark
of the present anelastic model on the Boussinesq results from PMS.
i) Vertical resolution and diffusivity
The Fig. 3.9 shows the sensitivity of
the growth rate with the vertical resolu-
tion The uncertainty of the measure is
only linked to the presence of the spu-
rious IGW, hence it can be reduced by
longer simulations, which is more diffi-
cult with very high resolutions. This fi-
gure shows a posteriori that we need a mi-
nimum resolution of order ∆z = 10m to
resolve correctly the critical level interac-
tion. Consistently, the resolution need to
be sufficiently lower than the viscous scale
lµ defined for non-rotating conditions in
Eq. (4.24). For bad resolutions, the growth
rate is artificially increased. By contrast,
the phase velocity is very weakly sensi-
tive to the vertical resolution (not shown),
consistently with the idea previously ex-
plained that it is essentially controled by
the Eady edge wave dynamics, which can
be resolved with lower resolutions.
Increasing the diffusivity µ = κ was
found to reduce the growth rate. The pro-
portionality ratio is around 0.03 for Ro=1.
This means for example that taking µ =
0.1 will give a difference of around 17%
with the inviscid growth rate. Values bet-
ween 0.004 and 0.01 have been found to
yield a correct growth rate for the case
Ro=1.
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Fig. 3.9 – Evolution of the nondimensional
growth rate (normalized by fΛN ), versus the
vertical resolution ∆z. All other parameters
are the same as in experiment L. The Bous-
sinesq growth rates obtained by PMS and its
±5% boundaries are respectively indicated by
the dash-line and the dotted-lines.
ii) Height of the rigid upper boundary
The constants A0, B0, A−1 and B−1 in Eqs. (3.28)-(3.30) depend on the height of
the rigid upper boundary. The Fig. 3.10 illustrates the results obtained by changing ztop
in experiment L, in comparison with PMS results. The growth rate is monotonously
increasing with ztop in the range studied, contrary to the PMS results which account
for an optimal height around 20km. As Ri=1, the anelastic singularity at the CL
is apparent and hence cannot influence the growth rate, through A0 in Eq. (3.32).
Therefore the discrepancy with PMS results appearing for a higher upper boundary
(ztop > 20km) can only be attributed to the irregular singularity in z →∞, because of
the anelastic and nonhydrostatic terms in Eq. (3.2). Incidentally, this shows also that
these corrections are likely neglectable until ztop=20km.
iii) Horizontal wave-number
To understand the effect of changing the horizontal scale from L to L′ = L
k˜
, where k˜
is a non-dimensionalized wavenumber, we write the new characteristic numbers using
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Fig. 3.10 – Evolution of the nondimensional growth rate (normalized by fΛN ), versus the
height of the rigid upper boundary. All other parameters are the same as in experiment L
in section 3.4.1. The Boussinesq growth rates obtained by PMS and its ±5% interval are
respectively indicated by the dash-line and the dotted-lines.
a vertical height H ′ a priori different from H :
Ro’ =
ΛH ′
fL′
= 1 , Bu’ =
NH ′
fL′
, and Ri’ =
N2
Λ2
=
Bu’
Ro’2
= Ri = 1 (3.45)
The experiments show that the most unstable mode observed in each case still cor-
responds to Bu′ ∼ 1, which means that H ′ ∼ H
k˜
. This is again a consequence of the
fact that zCL is essentially controled by the surface dynamics, as explained previously.
Consequently, the new CL and IL are z′CL = zCL/k˜ and z
′
IL = zIL/k˜, and Ro and Ri
remain unchanged. Therefore, this new system is equivalent to experiment L after in-
creasing the height of the upper boundary to z′top = k˜ztop. According to the sensitivity
to ztop presented in Fig. 3.10, our anelastic and nonhydrostatic growth rates must be
larger than PMS ones for k˜ > 1. This is indeed observed in Fig. 3.11a. Conversely, the
phase velocity (or zCL) shown in Fig. 3.11b follows a curve in 1/k˜ because c
′
Φ = Λz
′
CL,
exactly as in PMS, being insensitive to the upper boundary.
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Fig. 3.11 – Evolution of the nondimensional growth rate (normalized by fΛN ) (a) and nondi-
mensional phase velocity (normalized by ΛH) (b), versus the horizontal wave-number k. All
other parameters are the same as in experiment L in section 3.4.1. The Boussinesq growth
rates and phase velocities obtained by PMS and its ±5% interval are respectively indicated
by the dash-line and the dotted-lines.
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3.5 Nonlinear growth, saturation, and breakdown
3.5.1 Numerical experimental setup - Experiment NL
In this experiment called NL, we initialize a nonlinear simulation with the linear
NG mode studied in L (subsection 3.4.1). But now we use a set of 256 horizontal
wavenumbers to resolve as accurately as possible the small scales produced by the
nonlinearities. The strong vertical resolution (∆z=10m) and large height of the domain
does not allow us to increase further the horizontal resolution. The initial amplitude
is small in order that the nonlinear terms are neglectable at the begining.
The nonlinear growth of the mode will naturally increase the energy stored in
the small scales, through mechanisms that we analyse in section 3.5.3. We found it
impossible to use more than 128 harmonics in the horizontal with the conventional
laplacian diffusive terms introduced in appendix A, because of numerical instabilities.
To double the horizontal resolution, we needed to change the parametrization of the
energy cascade to the small horizontal scales. More specifically, we needed to make
the diffusivities µ and κ increase with the wavenumber k, for k larger than a cut-off
wavenumber kc which is imposed arbitrarily from numerical considerations. One way
to do that is to increase artificially the order of the diffusive terms from the initial
order 2 (laplacian) to the order p (hyperlapacian) (Winters & D’Asaro 1989, Lelong
and Dunkerton 1998). Thus, in experiment NL we impose5
µ = κ = µ0
(
1 +
(
k
kc
)p−2)
with kc = 90 and p = 4. (3.46)
The value of µ0 is imposed by the linear experiment L, in which we found a value that
lead to an accurate growth rate : µ0 = 0.004m
2.s−1.
3.5.2 Energy budget : nonlinear saturation and breakdown
The energy budget is presented in Fig. 3.12 for the whole experiment, and should
be compared to Fig. 3.3. From these curves, we can divide the experiment NL into 3
stages.
During the first stage, which will be arbitrarily said to end near t=160h, the
energy growth is exponential, with a growth rate very close to the linear one measured
in section 3.4.1, slightly smaller.
During the second stage, which ends near t=197h when a breakdown occurs, a
slight inertial oscillation becomes visible in the energy. This is much more clearly vi-
sible in the tendencies (Fig. 3.3c), which show the inertial oscillation of period around
17h amplifying strongly before the breakdown, modulating strongly the growth at this
stage. We will investigate further the origin of this inertial oscillation in the section
3.5.3. Beforehand we take it for given in the following analysis. In the same time, the
dissipation tendency (cyan) intensifies. Actually, more precisely the breakdown begins
near t=194 hrs, when the total tendency (black) peaks sharply and starts to decrease
abruptly to reach negative values near t=198h. The next minimum is reached, only
10-12h after the previous one near t=199h, in advance compared to the inertial oscil-
lation period. Actually, one can see that the total tendency is geared by the advection
5In the following spectra, the value of p was increased to 8 at the very end of the simulation, after
the global breakdown.
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tendency term (pink), which is the signature of the nonlinear dynamics of the pertur-
bation flow. This term starts to be negative at t=193h and falls down abruptly to an
intense negative minimum reached at t=199h, testifying of a strong transfer of energy
towards the background flow at this moment.
After this breakdown the third stage begins : the tendency curves show a rather
chaotic evolution, nevertheless underlied by the still remaining inertial oscillation. The
dissipation comes back to a smaller magnitude, and the energy oscillates around a
stationary value.
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Fig. 3.12 – Energy budget versus time for experiment NL. Same conventions as in Fig.3.3.
3.5.3 Saturation mechanisms
In this subsection, we analyse carefully what happens during the second stage of
NL. We illustrate the analysis with the situation near the date t=178h, that is at a
crest of the total energy tendency (black in Fig. 3.12c). We examine successively the
different mechanisms that might enter into account, namely :
(i) the small scale instabilities of the inertial critical layer,
(ii) the feedback of the mean flow on the global unstable NG mode, and
(iii) the nonlinear equilibration of the surface Eady wave.
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Stability diagnosis of the nonlinear mode
The Fig. 3.13 shows the wave fields at t=178h. In the same time, we present various
diagnostics at t=178h in the Fig. 3.14, to interprete the stability of this flow : the total
potential temperature θ˜ (a), the total local Brunt Va¨ısalla frequency N2tot =
g
θ˜
∂z θ˜ (b),
the total horizontal mean zonal wind Λ.z+ u¯ (c), the total local zonal shear Λ+uz (d),
and the quantity 2α
pi
(e) where α is related to the total local zonal Richardson number
Ritot as follows :
α = arctan [4Ritot] = arctan
[
4N2tot
(Λ + uz)2
]
. (3.47)
Indeed, as the inertial critical layer is strongly sheared and overturned, it is likely to give
rise to the Kelvin-Helmholtz instability or Shear Instability (SI)6 and the Convective
Instability (CI). These instabilities all occur under specific necessary conditions on the
value of Ritot. Namely the stratified SI is expected for 0≪ Ritot < 0.25 (α < 0.5), the
unstratified SI for Ritot ≈ 0 or −0.25 < Ritot < 0 (−0.5 < α < 0), and more generally
the CI for Ritot < 0 (α < 0). Plotting α instead of Ritot provides a smoother visuali-
zation of local stability. Note that the strongly sheared meridional velocity v should
also give rise to transverse shear instability in a 3D context, but this cannot arise in
the present 2D framework. For this reason we do not care about the meridional ver-
tical shear vz. Note also that the symmetric instability is precluded in this 2D problem.
The nonlinear mode presented in Fig. 3.13 should be compared to the linear one in
the first 3km of Fig. 3.4. A clear distortion of the wave fields by the nonlinear terms
appears through two features. First, a slight assymmetry between positive and nega-
tive anomalies appears in each field, notably near the surface. As the nonlinear terms
become non neglectable at the surface, the ageostrophic circulation makes the stream-
lines of meridional wind v tighten in the cyclonic region near x=175km (Fig. 3.13b),
and move away from each other in the anticyclonic region near x=-150km (Hoskins,
1975). As a consequence, the warm surface potential temperature anomaly θ concen-
trates on a smaller region and intensifies, whereas the cold one is becoming wider
(Fig. 3.13d). For this reason, the mean stratification is becoming negative at the place
of the warm surface anomaly of θ (Fig. 3.14b), as well as the Richardson number
(Fig. 3.14f). The second feature is the emergence of small scale waves in the vertical
velocity (Fig. 3.14c), notably in the negative lobe. These waves and their source will
be analysed in the following.
In terms of stability, the structure of the inertial critical layer appears clearly in the
Fig. 3.14a, b and d, as a succession of elongated tongues, alternatively positively shea-
red and stratified and then negatively sheared and stratified. Here the positive-negative
assymmetry is also visible, with the negative tongues lying above the positive ones on
the major part of the domain. In these tongues, the amplitude of the wave fields u,
v and θ reach around 2m.s−1 and 0.7K respectively (Fig. 3.13a,b,d). In spite of this
rather weak amplitude, these tongues are so thin that the stratification (Fig. 3.14b)
and zonal shear (Fig. 3.14d) reach very intense negative values (respectively −2.310−4
s−1 and −0.022 s−1). They reach even more intense positive values because the back-
ground flow is positively sheared and stratified (respectively 4.2 10−4 s−1 and 0.035
s−1). This intense overturning is also clearly visible in the total potential temperature
6Given the large horizontal scales of the present instabilities, we will prefer the more general Shear
Instability to Kelvin-Helmholtz instability.
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field in Fig. 3.14a. Consequently, in the presence of nonlinear terms in the dynamics,
the tongues positively sheared and stratified are likely unstable through the strati-
fied SI, whereas the tongues negatively sheared and stratified should bear a mixed
SI and CI. These properties are summarized by the local Richardson number in the
Fig. 3.14f. Note that in this last picture, around the negative tongues, α (Ritot) reaches
alternatively very high and very low values in a very narrow area, and the contours
are very concentrated. The reason is that the transition between positive and nega-
tive stratification occurs nearly at the same place than the transition between positive
and negative zonal shear. This similarity between the two fields is a general conse-
quence of the fact that u and θ are nearly in phase in the inertial critical layer, as
shown previously by the aid of Eq. (3.41). This argument also stands at the surface
(Eq. (3.40)).
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Fig. 3.13 – Velocity and potential temperature fields of the NG mode of experiment NL at
t = 178hrs.
(i) Small scale instabilities and GWs generation
a. In the spectra
The Fig. 3.15a shows the evolution of the total energy of each wavenumber of the
disturbance for the period t=171h to 180h, after normalization by the maximum at
t=171h. The spectra for the dates t=210h to 215h have been also represented for
subsequent discussion, and are gathered in the upper part of the graph (E(k)> 10−5).
Consistently, the maximum is for k=1 and corresponds to the linear unstable NG
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mode. Only the wavenumbers lower than 100 are shown because the hyperlaplacian
cuts every k > kc = 90.
The energy spectra in Fig. 3.15a clearly show a rapid and nearly exponential
energy production around the wavenumber kKH = 22 and the corresponding har-
monics 2kKH = 44 and 3kKH = 66, testifying of the rise of small scale instabilities.
This reveals a rapid transfer of energy from the large scale flow to the small scale L
kKH
,
and the associated nonlinear propagation to the algebraic multiples of kKH . The wa-
velength corresponding to kKH is 28.5km, which is in agreement with the wavelength
of the short scale waves observed in Fig. 3.13c.
To elucidate further the nature of these instabilities, we present in the Figs. 3.15b,c,d,e
the evolution between t=171h and 180h of the partition between potential and kinetic
energy components Epot and Ekin, integrated over the bands k=1 (b), k=20-24 (c),
k=40-48 (d) and k=60-72 (d). Conventionally, the shear instability (SI) is associated
with a flux of kinetic energy from the large scales towards the short scale instabili-
ties, whereas the convective instability (CI) is associated with a supply of potential
energy to the short scales (Lelong and Dunkerton 1998a). The Fig. 3.15b indicates
that the total energy of the linear NG mode in k=1 decreases during the observed
period, essentially because of a decrease of the kinetic energy. This is also observed for
the mean pertubation in k=0 (not shown). Moreover, the observation of the spectra
of the tendencies −Λ < uw > and Λ f
θ0z
< vθ > for the same period indicate that, the
background flow U(z) also supplies predominantly some kinetic energy to the short
scales (not shown).
Concerning the short scales, the Figs. 3.15c,d,e are in agreement with these obser-
vations. They show that Ekin is always larger than Epot, and that the tendencies
d(lnEkin)/dt and d(lnEpot)/dt are of the same order. This means that the tendency
dEkin/dt is larger than dEpot/dt. For example, the ratio is about 60% for Ekin and
40% for Epot in the band k=20-24, and it is even more advantageous for Ekin in the
other bands. This indicates that the SI mechanism is dominant during the first stages
of the inertial critical layer instability, but more or less mixed to the CI mechanism
nevertheless.
b. In the fields
At this stage, these small scale instabilities do not emerge in the total horizontal wind
and potential temperature of the NG mode, but only in the vertical velocity (Fig. 3.13).
Nevertheless, it is possible to observe them directly in the wave fields by removing the
wavenumbers k < 15 from the total fields. The Fig. 3.16 shows the detailed structure
of the small scale meridional vorticity uz − wx at t=178h in the center of the inertial
critical layer, and the Fig. 3.17 shows the associated small-scale wave fields. In each
of these pictures, we have removed the zero contour for clarity. In the Fig. 3.16, to
give a reference in space, we have superimposed the contours [−1, 0, 2, 4] ∗ 10−4 of N2tot
in red, and the contours [−1, 0, 1, 2, 3] ∗ 10−2m.s−1 of the total zonal shear in green.
This figure shows a dominant series of billows ressembling those observed in the KH
instability. They are horizontally centered around x=0km, that is at the middle of the
positively stratified and sheared tongue previously shown in the Figs. 3.14b,d,e, and
at the left of the warm surface anomaly. In the vertical, these billows are localized
along the transition between positive and negative stratification (red curves) or zonal
shear (green curves), that is where the Richardson number varies abruply. A secondary
series of billows is developping on the lower flank of the positively sheared and stratified
tongue.
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Fig. 3.14 – Stability diagnostics in experiment NL at t=178h : a) total potential tempe-
rature, b) total local Brunt-Va¨ısalla constant, c) total horizontal mean zonal wind, d) total
local zonal shear, and e) the image of the Richardson number 2pi ∗ α = arctan(4Ri).
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Fig. 3.15 – a) Evolution of the energy budget spectrum in experiment NL in log-log coor-
dinates, for the periods t=171 to 180h, and t=216 to 220h. One curve for each hour. The
evolution of the curves with time is indicated locally with arrows. The curves for t=216
to 220h are localized above. b,c,d,e) Evolution of the partition between potential energy
Epot and kinetic energy Ekin for the spectral bands k=1 (b), k=20-24 (c), k=40-48 (d) and
k=60-72 (e).
In the Fig. 3.17, we have superimposed only the contours [0, 2]∗10−4 of N2tot in red,
and the contours [0, 2]∗10−2m.s−1 of Λ+uz in green. The fields u, v and θ are also essen-
tially embedded in the inertial critical layer. Only in the vertical velocity (Fig. 3.17c),
the small scale unstable modes manage to escape from this layer, propagating outside
as GWs of the same wavelength. Their phase velocity is nearly horizontal because
of the intense background shear (Λ=0.01s−1), corresponding to nearly vertical group
3.5 Nonlinear growth, saturation, and breakdown 95
velocity. Propagating upward, the GWs have an increasing vertical velocity because
of the decrease of the density. On the contrary, the absence of convectively unstable
layer under the critical layer near x=0 makes the GWs generation towards the ground
more efficient. For this reason, and because of the reflection at the surface, the GWs
are more intense under the critical layer than above.
The small-scale instabilities depicted by the Figs. 3.16 and 3.17 are actually modu-
lated in time because of the variations of the large scale flow structure itself. Indeed,
as shown in the next section, the large scale flow in the inertial critical layer is signifi-
cantly modulated by the inertial oscillation described in the Fig. 3.12c, which affects
notably the fields u, v and θ. Because of that, not only the magnitude but also the
structure and localization of the present small-scale unstable mode, are changing with
a time scale of order the inertial period.
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Fig. 3.16 – Small scale meridional vorticity uz − wx in experiment NL at t = 178h. Wa-
venumbers k < 15 have been removed. The contours [−1, 0, 2, 4] ∗ 10−4 of N2tot are added in
red, and the contours [−1, 0, 1, 2, 3] ∗ 10−2m.s−1 of the total zonal shear are added in green.
c. Discussion
These observations are in agreement with those of Lelong and Dunkerton (1998a and
b). They found that in the case of convectively stable or unstable very large scale
background IGWs (very low intrinsic frequencies), the most unstable wavenumbers lie
in the horizontal Fourier plane on a typical isotropic “halo” structure of nondimensio-
nal radius k=20-25, and the instability mechanism is predominantly linked to shear
instability. More rigorous comparison of the present instabilities and GWs generation
with the earlier studies of breaking shear layers (see the references in the introduction)
is out of the scope of this study, for at least three reasons. First, the size of the global
domain prevents us from using a very high horizontal resolution. Note that Lelong and
Dunkerton (1998) have the same horizontal resolution nevertheless, but in 3D. Second,
and more seriously, the complex and unstationary structure of the large-scale flow of
the NG mode in the critical layer, makes it difficult to compare in great details the
nature and growth rates of the small scale unstable modes obtained here with those of
more idealized studies. Moreover, Lelong and Dunkerton did not use a realistic ratio
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Fig. 3.17 – Small scale velocity and potential temperature fields in experiment NL at
t = 178h. Wavenumbers k < 15 have been removed. The contours [0, 2] ∗ 10−4 of N2tot are
added in red, and the contours [0, 2] ∗ 10−2m.s−1 of Λ + uz are added in green.
between horizontal and vertical scales, compensating with a modified ratio of time
scales N/f in order to save CPU time. Third, the present 2D simulation prevents the
transverse (meridional) shear instability from developping. As shown by Lelong and
Dunkerton (1998b) for the present domain of scales, the rise of unstable modes is iso-
tropic in the Fourier space. For this reason, our 2D simulation certainly over-estimates
the lifetime of the large scale flow structure in the inertial critical layer. Hence, our
measurement of the saturation level of the NG mode by a 2D simulation may give only
an upper bound.
(ii) Feedback by the mean flow
As shown by the Fig. 3.14c, the background zonal wind is now slightly but signifi-
cantly modified by the nonlinear NG mode, which induces a zonal mean perturbation
in the inertial critical layer. This is consistent with the fact that the linear NG mode
was shown to provide kinetic energy to the mean flow essentially in the inertial critical
layer (Fig. 3.7a, blue line). More precisely, to understand the effect of the nonlinear
NG mode on the mean flow, we use the residual mean meridional velocity
v∗ = v¯ − ρ0 f vθ/θ0z (3.48)
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and the TEM formulation of wave-mean interaction (see appendix C), which asserts
that :
∂t u− f v∗ = − 1
ρ0
∂z
(
ρ0 uw − ρ0 f vθ
θ0z
)
(3.49)
∂t v∗ + f u = − 1
ρ0
∂z
(
ρ0 vw + ∂t
(
ρ0
vθ
θ0z
))
. (3.50)
In Eqs. (3.49)-(3.50), we neglect the influence of the viscous terms for the following
discussion. These two equations represent the forcing of the mean flow by the NG mode
as a forced oscillator resonating at the inertial frequency. Consistently, the evolution
with time of the zonal mean zonal wind perturbation u shows oscillations at the inertial
frequency. This is illustrated in the Fig. 3.18a, by the evolution of the vertical profiles
of u(z) during one inertial period (one profile each third hour from t=171h to t=186h).
This figure shows that the mean zonal wind perturbation freely oscillates at the inertial
frequency around a mean profile. And this mean profile ressembles the profile of −∂zuw
(see Fig. 3.7a, blue line). Note that the situation is different at the surface : the
westward mean zonal wind in Fig. 3.18a is not forced by − 1
ρ0
∂z(ρ0 uw) but rather
corresponds to 1
ρ0
∂z(ρ0 f vθ/θ0z) (Fig. 3.7a, green).
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Fig. 3.18 – a) Evolution with time of the vertical profile of the horizontal mean zonal wind
perturbation u, between t=171h and 186h in experiment NL. The arrows 1 and 2 indicate
the movement of the maximum. b) Evolution with time of the vertical profile of the function
f(z) = z − zCI + u−fLΛ , whose zero is approximately zIL. The black curves move upward
from t=171h to 181h, and then the red curves move down from t=182h to 186h.
As the NG mode was not perfectly initialized in our numerical setup, according to
the Eq. (3.49), any perturbation from the pure exponential growth must unavoidably
lead to the excitation of free inertial oscillations in the mean horizontal wind. That is
why we observed an inertial oscillation in the total energy and energy tendencies in
Fig. 3.12. Nevertheless, as discussed from Fig. 3.12c, this oscillation grows more rapidly
than the average energy during the second stage of NL. The oscillation amplifies rapidly
until the breakdown occurs. This indicates that in this period (say t=150h to 200h), the
mean flow is not only oscillating freely but rather resonating at the inertial frequency.
To understand this process, we need to consider the feedback of the mean flow on
the unstable NG mode. Particularly, the modification of the mean zonal wind near the
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singularities of the NG mode, must modify the theoretical height of these singularities.
This is illustrated in the Fig. 3.18b, in which the time evolution of the profile of the
function f(z) = z−zCL+ u−fLΛ is plotted for each hour, in the same lapse of time as in
Fig. 3.18b (t=171h to 186h). To compute f at each time, we make the approximation
that the CL stays stationary at the height measured in L, that is zCL = 855m
7. Thus,
the level at which f(z) vanishes is appproximately zIL. The Fig. 3.18b shows that the
inertial oscillation of the mean zonal wind in the inertial critical layer induces a slight
oscillation of zIL over a range of 45m, and hence an modulation of the NG mode struc-
ture in the inertial critical layer. In return, this introduces an inertial oscillation in the
forcing by the NG mode upon the background flow. This closes a resonant feedback
loop, which might be responsible for the rapid amplification of the inertial oscillation,
leading to the final breakdown. A similar feedback loop was identified by Lott (2003)
in the presence of a forcing by a sinusoidal orography.
Finally, we have also observed the nonlinear impact of the NG mode on the other
background parameters that determine its linear behaviour. In particular, the back-
ground Richardson number was shown to determine the growth rate in the linear
analysis. The total zonal mean shear, the total zonal mean stratification and the resul-
ting mean Richardson number are indeed strongly perturbed especially inside of the
inertial layer (see Fig. 3.19 at t=178h), but in such a way that it is difficult to draw
any clear conclusion from the linear theory about the influence upon the growth rate.
Nevertheless, it is likely that these abrupt variations of the background parameters
disturb the unstable coupling that takes place near the IL, by creating a barrier bet-
ween the propagating IGW and the surface Eady wave. But in our case, this effect is
dominated by the destabilization by the amplifying inertial oscillation.
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in experiment NL at t = 178h.
7This is not exactly true, as we can see in Fig. 3.18a that the inertial oscillation propagates along
the vertical profile of u and is also significant near the critical level (z ∼ 1km). Hence the height of
the CL must also oscillate a little.
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(iii) Nonlinear equilibration
Nakamura and Held (1989) proposed the nonlinear equilibration as a saturation
mechanism for large scale 2D Eady waves. In this mechanism, the vertical stratification
is locally increased by the creation of positive PV anomalies, out of the dissipation
occuring in the frontal collapse at the surface and tropopause. As the stratification
increases, the vertical coupling between the two boundary Eady waves at the surface
and tropopause is reduced. It is a priori conceivable that the same mechanism enters
into account in the saturation of the present subsynoptic scale NG mode, by reducing
the vertical coupling between the surface Eady wave and the inertial critical layer.
Nakamura and Held (1989) evaluated the amplitude of the unstable baroclinic
disturbance at the point of frontal collapse, and found that the balanced meridional
wind satisfies vg ∼ NH . In our context, this gives a saturation near vg ∼ 10 m.s−1.
However, as shown in the Fig. 3.13, during the second stage the order of magnitude of
the horizontal winds stays around 2-3 m.s−1, the vertical velocity less than 0.01 m.s−1
and the potential temperature around 1K. In addition, observing the total potential
temperature over the entire experiment (Fig. 3.14a for t=178h) confirms that the point
of frontal collapse is never reached, and the warm front keeps rather smooth. Moreover,
the stratification anomaly is negative above the warm front (Fig. 3.14b), and the same
is true for the PV anomaly (not shown). Consequently, we can state that a the nonlinear
equilibration mechanism does not enter into account in the present saturation. Notably,
the slow oscillations observed by Nakamura because of periodical equilibration have
nothing to do with the present oscillation, which is due to the feedback loop amplifying
the inertial oscillation. Incidentally, we shall suggest that the latter is the counterpart
of the former for subsynoptic scale unstable NG modes. Nevertheless this does not
mean that the role of stratification near the surface is negligeable here, as explained
in the next subsection.
3.5.4 Instability and breakdown of the inertial critical layer
During the last hours of the second stage of experiment NL (t=190 to 197h, not
shown), the behaviour is similar to the one described in sections 3.5.3i) and 3.5.3ii).
But the magnitude of the NG mode is so high that the local instabilities amplify
and propagate along the entire critical layer, leading to a global instability of the
inertial critical layer. In this process, the possible influence of the convectively unstable
surface lobe (localized near x=150km at t=178hrs in Figs. 3.14d,f) is not clear to us.
But it might help to destabilize the critical layer above, and to propagate the global
instability.
The complete breakdown of the critical layer starts after t=197h, when the small
scale instabilities are so intense that they become dominant in all the fields. We show
a picture of this state at t=203h in Fig. 3.20, which was obtained after filtering out
the very small and ill resolved wavelengthes that invade the fields at this stage (k>34).
The Figs. 3.20a,b,d show that the large scale flow structure of the NG mode in the
inertial critical layer is nearly destroyed, and the surface Eady wave is largely pertur-
bed. We also see in the vertical velocity that the whole critical layer is destabilized
and generates GWs (Fig. 3.20c). The total potential temperature (Fig. 3.20e) testifies
that the magnitude of the generated GWs becomes very substantial, disturbing the
background stratification in a large domain above and under the inertial layer. The
energy and tendency spectra at the dates t=210 to 215h were added in the Fig. 3.15.
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They show that the energy is now uniformly distributed, after a rather brutal cascade
and inverse cascade by mixed convective and shear instabilities.
Note nevertheless that this 2D simulation ceases to be realistic, at least quanti-
tatively, from t∼200h and until the end, because the process is fundamentally 3D.
In addition, at this stage the magnitude of the GWs generated depends not only on
the 2D constraint, but also considerably on the dissipation parameters (diffusivity
constant, cutoff wavenumbers and power law). Nevertheless, the amount of potential
energy stored in the inertial critical layer before the final collapse can be reasonnably
thought as an important source of GWs, even through a 3D breakdown.
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Fig. 3.20 – Velocity and potential temperature fields of the NG mode of experiment NL at
t=203h. Total potential temperature in e).
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Effect of the diffusivity
The experiment NL was repeated with increased values of the diffusivity. In the
second stage the larger diffusivity offers a stronger dissipation of the small scale insta-
bilities in the inertial layer. This tends to stabilize the latter, and increase its lifetime
before the final breakdown. This also allows the large scale perturbation flow to reach
slightly higher amplitudes in the inertial layer.
More generally, as the nonlinear evolution of a sheared layer is rather sensitive
to the dissipation, we have repeated the experiment NL with different configurations.
Actually, the behaviour in 3 stages described previously was first observed for a twice
lower resolution (128 harmonics) and conventional laplacian diffusive terms. Increasing
the viscosity µ, from 0.004 to 0.16m2.s−1, did not change qualitatively the process.
Thus, we found relevant to measure the saturation level with a diffusivity small enough
to fairly reproduce the linear dynamics of the unstable mode, and notably the growth
rate.
Moreover, the experiment NL was also repeated with different viscosity parameters
(changing the power law and the cutoff wavenumber), and for different values of the
Richardson number. We also tested another kind of diffusive parameterization, used
by Fritts et al. (1994). In all these simulations, the behaviour was always found to
be qualitatively the same as the one described above, except slight differences of the
wavenumber and date at which the breaking instability begins.
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3.6 Conclusion and discussion
In this chapter, we study the growth of the subsynoptic scale unstable NG modes
of the 2D Eady problem, in the linear and nonlinear, anelastic, non hydrostatic, and
viscous framework.
In the first part, we present the linear theoretical framework for subsynoptic scale
Eady modes. The method is adapted from Tai (1983) to take into account the anelas-
tic compressibility and non hydrostasy of the flow in the IGWs over-reflection process.
In this linear approach, the existence of unstable modes is associated to the over-
reflection criterium, relating assymptotically the growth rates to the amplitude of the
jumps of the angular momentum / EP vertical flux at the critical levels. As shown by
Tai (1983), the over-reflection of large scale IGWs is essentially related to the existence
of a positive jump of angular momentum flux at the IL, to which we must add the
smaller influence of a secondary jump at the CL. We find that the effect of anelastic
compressibility is determined through the Richardson number, which is found to mo-
dulate the jump of angular momentum flux at the CL. For Ri=1, no difference appears
with the inviscid Boussinesq model in which the CL is an apparent singularity, except
very far above the singular levels where an essential singularity appears. For Ri6=1, the
CL increases or decreases the total absolute jump of angular momentum flux when
respectively Ri>1 or Ri<1.
In the second part, an ensemble of linear numerical simulations is presented and
analysed and systematically compared to the inviscid Boussinesq results of Plougonven
et al. 2005. First, these linear results validate the model and its ability to resolve cor-
rectly the weakly unstable coupling between an IGW and an Eady edge wave through
an IL. The instability is analyzed in terms of the interaction between a surface Eady
wave and an inertial critical layer, as done previously by Nakamura (1988). Particu-
larly, the vertical structure of the fields allows the unstable mode to extract some
potential energy from the background flow in the evanescence layer, that is between
the surface and the IL. Even if the mode also looses some kinetic energy in favor of
the background flow, it receives a net gain of energy which is predominantly localized
near the IL.
Second, the effect of the Richardson number expected from the previous analytical
calculations is retrieved qualitatively in the EP flux profiles and in the growth rate
sensitivity to Ri. For Ri=1, the anelastic growth rates converge towards the inviscid
Boussinesq values for reasonably low heights of the upper boundary (ztop <20km),
for which the essential singularity in z → ∞ is negligeable (Fig. 3.10). For Ri6=1,
over-reflection can still occur, and the anelastic growth rates are larger than the Bous-
sinesq ones if Ri>1, and smaller if Ri<1 (Fig. 3.8b). Noteworthy, we observe that our
anelastic and viscous growth rates obtained for Ri>1 are significantly larger than the
Boussinesq ones (PMS), even if they are rather small as regards to the typical geo-
strophic baroclinic growth rates. This might suggest that the Boussinesq framework
under-estimates these unstable modes for Richardson numbers larger than 1.
In a third part, we present the nonlinear growth, saturation and breakdown of the
most unstable NG mode (Ri=1), with a rather low diffusivity tuned consistently with
the previous linear experiments. The mode is found to saturate at a level of magnitude
physically measurable, but rather low compared to the case of large scale baroclinic
waves. The horizontal and vertical wind reach about 2-3m.s−1 and 0.01m.s−1 respec-
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tively. The essential saturation mechanism is found to result from the combination of
two processes.
(i) First, in the inertial layer the flow is constituted of nearly horizontal elongated
tongues overlying partly with each other, whose shear and stratification is of alter-
nate sign : the positively stratified is positively sheared, and the negatively stratified
is negatively sheared (Figs. 3.13-3.14). This highly overturned and sheared structure
gives rise to a loss of energy of the large scales towards the short scales, through local
Shear Instabilities (SI) mixed to the Convective Instabilities (CI) (Figs. 3.15-3.17).
But the fact that the Richardson number falls under 0.25 in these areas is by no mean
a sufficient condition for short scale instabilities to develop unboundedly. It is only a
necessary condition for instabilities to exist. And the rate of large scale energy loss
through these instabilities is actually modulated by the following second saturation
process.
(ii) A natural positive feedback loop settles between the NG mode and the mean flow,
localized essentially in the inertial critical layer, because the mean flow is increasingly
distorted there (Fig. 3.18). It leads to the amplification of an inertial oscillation that
destabilizes increasingly the inertial critical layer, leading finally to its abrupt global
breakdown (Fig. 3.12). At this stage, the short scale instabilities are accompanied by
the generation of intense gravity waves outside of the inertial critical layer, in agree-
ment with earlier studies of critical layer breakdown (Sutherland et al. 1994, Scinocca
and Ford, 2000). The intense background shear makes that these GWs have nearly
horizontal phase velocity and vertical group velocities (Fig. 3.20).
We have restrained our study to 2D unstable modes, in order to increase the vertical
resolution of the model and to resolve correctly the interaction at the IL. Concerning
the linear results, it must be reminded that for such small Richardson numbers, the
most unstable NG modes are non purely zonal and can have growth rates comparable
to the geostrophic ones (Stone, 1970). Also, studying a 2D problem implies that the
balanced background wind must be vertically sheared on the entire vertical domain
(see appendix A), which is not realistic. This generates large scale IGWs with a hori-
zontal phase velocity, whereas they usually have rather vertical phase velocities in the
stratosphere. The same argument holds for the short GWs generated in the breakdown
process.
As regards to the nonlinear saturation, the use of 2D dynamics can seem to be a
strong limitation, since it was shown that the breaking of a sheared and overturned
layer is intrinsically 3D. Particularly, it is likely that the lifetime of the inertial critical
layer will be shorter in the presence of symmetric instabilities and transverse unstable
modes, as well as the final breakdown might be more gentle. Nevertheless, even if the
lifetime of our 2D NG modes is certainly unrealistic, the level of saturation measured
here should be only slightly over-estimated. This experiment provides us with an upper
bound for the magnitude of the unstable NG modes, which was never evaluated before
to our knowledge. Notably, the fact that the level of saturation is physically measurable
let us think that this unstable coupling between partly balanced Rossby waves and
IGWs can be observed in the atmosphere, and hence constitutes a source of IGWs to
consider. In that respect, we show in the following chapter that the PV deposit induced
by short mountain GWs in the presence of critical levels, can force such weakly unstable
modes in the large scale flow. In this situation, the force exerted by the mountain on
the large scale flow can indirectly generate secondary IGWs.
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Appendix
A. Model Equations
We choose the 2D rotating anelastic system in the f-plane, in which we divide
the total flow u˜ into (i) a linear background wind U(z) = U(z) ex + V0 ey where
U(z) = U0 + Λz, and (ii) a perturbation u(x, z, t) :
u˜ = U(z) + u(x, z, t) where u = (u, v, w). (3.51)
The total potential temperature field can be defined as the sum of (i) a hydrostatic
reference state profile θ0(z), (ii) a background state Θ(y, z) in thermal wind balance
with U(z), (iii) a local drift θd(y, z, t) = −V0Θy . t caused by advection by the meri-
dional background wind V0, and (iv) a perturbation θ(x, z, t) corresponding to the flow
perturbation u(x, z, t) :
θ˜ = θ0(z) + Θ(y, z) + θd(y, z, t) + θ(x, z, t). (3.52)
We use the approximation of Lipps and Hemler (1982) to write the pressure force with
the use of a geopotential φ˜ in the form −∇φ˜. This approximation allows the anelastic
system to conserve total energy. As for θ˜ we separate φ˜ into the corresponding three
parts :
φ˜ = φ0(z) + Φ(y, z) + φ(x, z, t). (3.53)
The 2D incompressibility is written for the perturbation, considering a hydrostatic
reference state density ρ0(z) :
∇· (ρ0u) = ∂x(ρ0u) + ∂z(ρ0w) = 0, (3.54)
which allows to define a streamfunction ψ(x, z, t) associated to (u, w) by
ρ0(u ex + w ez) = ey ×∇ψ , that is u = 1
ρ0
∂ψ
∂z
and w = − 1
ρ0
∂ψ
∂x
. (3.55)
The hydrostatic reference state (θ0(z), φ0(z), ρ0(z)) is determined by imposing a constant
Brunt-Vaisalla frequency N, where N2 = − g
θ0(z)
dθ0
dz
, which is equivalent to consider an
isothermal atmosphere at rest8.
The background wind is required to be geostrophic, fez ∧U+∇Φ = 0, therefore the
background thermal-wind balance can be integrated into :
Θ(y, z) = −fθ0(z)Λ
g
.y (3.56)
In Eq. (4.33), g and f are respectively the gravity constant and Coriolis parameter.
In this framework, the momentum equation and the thermodynamic equation that
govern the evolution of the perturbation can be written respectively in the following
way9, separating the linear (left hand) and nonlinear (right hand) terms :
(∂t + U∂x)u+ Λwex + fez × u+∇φ− g θ
θ0
ez = −(u∇)u+ 1
ρ0
∇(µ∇u)(3.57)
(∂t + U∂x)θ + vΘy + w θ0z = −(u∇)θ + 1
ρ0
∇(κ∇θ) (3.58)
8Actually, under this strong approximation, the anelastic system is equivalent to the non hydro-
static primitive equations system in log-pressure coordinates.
9Anywhere in the paper, subscripts x, y and z denote the corresponding spatial derivative.
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In Eq. (4.35) we have neglected the term wΘz as regards to wθ0z in order not to break
the two-dimensionality of the system. Indeed, this way there is no dependence on y in
Eqs. (4.34)-(4.35), whereas Θz = −fg dθ0(z)dz Λ.y introduces a small dependence in y. This
approximation is valid if θ0z ≫ |Θz|, that is if y ≪ gfΛ ∼ 10000km taking f ∼ 10−4 s−1
and Λ ∼ 10−2 s−1, which is largely verified for any kind of 2D mountain on Earth. Note
that this approximation can be avoided by choosing a shear that satisfies θ0(z).Λ(z) =
constant, which differs only by 10% from the constant shear for a domain 20km high.
We did not do that choice in order to compare strictly to the other studies of constant
shear unstable NG modes.
Note also that in Eq. (4.35), θd does not appear by definition. Indeed, this term only
represent a horizontally uniform potential temperature advection, which essentially
modifies the stratification. Therefore, it is possible to neglect this modification within
a time satisfying the approximate condition t≪ td = θ0zV0Θyz =
g
fV0Λ
∼ 280 hours taking
V0 ∼ 10ms−1. The advantage of this formulation is that we can state that within a
time t < td, the evolution of the flow perturbation will be qualitatively the same for
any kind of veering background wind with uniform shear as for the unidirectionnal
case V0 = 0, which is not very realistic.
Finally, the upper and lower boundary conditions imposed are free slip and rigid.
B. Energy budget
The energy budget associated to this model is obtained from the combination
ρ0(z)(u∗ (4.34) + g2θ20(z)N2 θ∗ (4.35)) and using the continuity Eq. (4.31), to form what
can be seen as the the local perturbation energy10
e =
ρ0
2
(
u2 + v2 + w2 +
g2
θ20N
2
θ2
)
. (3.59)
After integrating over the entire domain and removing the vanishing terms because
of periodicity and vanishing vertical velocity at the boundaries, it remains a tendency
budget of the form :
d
dt
∫ ZT
0
∫ L
−L
e dzdx =
∫ ZT
0
∫ L
−L
ρ0
[
Λf
θ0z
vθ − Λ uw − u(u∇)u− g
2
θ20N
2
θ(u∇)θ (3.60)
+
1
ρ0
u∇(µ∇u) + g
2
ρ0θ20N
2
θ∇(κ∇θ) + u.F + g
2
θ20N
2
θH˙
]
dzdx
Note that the divergence of the vertical flux of energy∇φu does not enter into account
in this global budget. Considering the total perturbation energy makes also disappear
the vertical buoyancy flux ρ0
g
θ0z
θw, which represents the exchange between potential
energy and kinetic energy.
C. Transformed Eulerian Mean equations and Eliassen-Palm
flux
To study the forcing of the large scales by the small scale waves, it is generally more
adapted to use a transformed Eulerian Mean (TEM) of the equations of the large scale
10More precisely, this quadratic quantity is a usefull norm that represents the leading order approxi-
mation of the perturbation pseudoenergy relative to the background state (Scinocca and Shepherd,
1992). For very large perturbations, this cannot be strictly taken as the energy of the perturbation.
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flow (Andrews and McIntyre, 1976). By applying a zonal mean operator (x¯) to the
Eqs. (4.34)-(4.35), and introducing the continuity Eq. (4.31), we get the large scale
flow equations. Then, we introduce the residual mean circulation for this 2D problem
(v∗;w∗) =
(
v − 1
ρ0
∂z
(
ρ0 vθ/θ0z
)
;w
)
, (3.61)
and obtain the TEM momentum equations
∂t u− f v∗ = − 1
ρ0
∂z
(
ρ0 uw − ρ0 f vθ
θ0z
)
+
1
ρ0
∂zµ∂zu (3.62)
∂t v∗ + f u = − 1
ρ0
∂z
(
ρ0 vw + ∂t
(
ρ0
vθ
θ0z
))
+
1
ρ0
∂zµ∂zv (3.63)
∂t θ + v∗Θy = − 1
ρ0
∂z
(
ρ0 θw +Θy ρ0
vθ
θ0z
)
+
1
ρ0
∂zκ∂zθ . (3.64)
Note that usually, only the departures x′ from the zonal mean flow variables x¯ are
used in the right hand quadratic terms of Eqs.(4.39)-(4.42), because the contribution
of the mean is negligeable. But we prefer this formulation here because the vertical
Eliassen-Palm (EP) flux
F z = ρ0
[
f
θ0z
vθ − uw
]
(3.65)
appears directly in the perturbation energy budget. Indeed, the first two terms in the
right hand of Eq. (4.38) are exactly proportional to the vertical integral of F z because
the shear is constant. Therefore, in our context F z represents not only the EP flux,
the vertical divergence of whom is the zonal force exerted by the waves on the zonal
mean flow, but also the vertical distribution of the lowest order non diffusive energy
tendency terms, which describe respectively the exchange of potential (vθ) and kinetic
(uw) energy with the background flow. Indeed, the divergence of the vertical energy flux
∇φu does not enter into account in the global energy budget after integration, and only
describes locally an internal vertical redistribution of the perturbation energy inside of
itself. Hence it does not inform us about the place where the energy is exchanged with
the background flow, even if it is usefull for a discussion in terms of over-reflection.
Finally, the EP flux F z can also be used as an action flux. But we do not use the
wave action budget in this study, because in our context the action cannot be defined
as a one-signed quantity (Andrews, 1987), which limits the potential benefits in terms
of wave generation interpretation. Another reason for not using it is given in section
3.4.1.
D. Numerical computation
The problem is considered to be horizontally periodic, on a domain of size 2pi ×
L where L =100km. The numerical scheme is spectral on the horizontal, with 64
harmonics in the linear case. On the vertical, we use a second order finite difference
scheme. A typical configuration is a domain height of 20km, with a resolution of
∆z =10m, which corresponds to 2000 levels. The lower and upper boundary conditions
are free slip.
The dynamical core of the model consists in computing and adding the tendencies of
the horizontal vorticity R, of the meridional velocity v and of the potential temperature
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θ, through a leap-frog temporal scheme with Asselin filter. The tendencies are separated
between linear and nonlinear contributions, which allows to switch off the nonlinear
terms. At each time step, the streamfunction ψ is computed by inverting the vorticity
R. The zonal and vertical velocities u and w are computed from ψ only at each storage,
and also to compute the energy budget by trapezo¨ıdal integrals. The model solution
converges for a time step of 10s for the linear growth, or 5s for the nonlinear growth,
that is about one hundredth of the buyancy period.
The diffusive terms are computed implicitely in the vertical, by inversion of a
laplacian by gaussian elimination, and explicitly in the horizontal. The diffusivities
µ and κ are constant in linear simulations, and can vary with the wave number in
nonlinear simulations (see secttion 3.5). The Prandtl number is always set to 1.
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Chapitre 4
Secondary generation of
non-geostrophic unstable modes
and inertia-gravity waves by
breaking mountain gravity waves
Re´sume´
Dans ce chapitre, nous e´tudions a` l’aide du meˆme mode`le 2D que dans le chapitre
pre´ce´dent, la re´ponse d’une atmosphe`re barocline de type Eady a` la force exerce´e par les
ondes de gravite´ de montagne courtes lorsqu’elles de´ferlent a` un niveau critique. Comme
pre´ce´demment, on s’inte´resse a` l’effet d’un relief isole´, dont l’e´chelle horizontale globale est
maintenant de taille sous-synoptique. On impose donc une force localise´e dans l’espace et le
temps. Cette force est d’abord parame´trise´e, ce qui permet d’e´tudier extensivement la re´ponse
de l’atmosphe`re dans diffe´rentes configurations avec une re´solution horizontale relativement
limite´e. Puis la force est re´solue directement par le mode`le en imposant une orographie
ide´alise´e, ce qui permet de ve´rifier la pertinence de la pre´ce´dente parame´trisation, ainsi que
son domaine de validite´. Dans chaque cas, on e´tudie le/les me´canisme(s) de saturation non
line´aire du forc¸age.
Naturellement, la re´ponse observe´e est polychromatique, me´langeant des e´chelles relati-
vement longues a` des e´chelles courtes comparables a` celle du forc¸age. La force produit un
dipole de vorticite´ potentielle, qui se de´forme progessivement par advection diffe´rentielle dans
l’e´coulement de base cisaille´. Aux e´chelles longues, la re´ponse prend la forme de modes de
Eady instables non ge´ostrophiques ressemblant a` ceux observe´s dans le chapitre pre´ce´dent.
Cette composante est favorise´e par un forc¸age proche de la surface, l’interaction entre le
dipole de vorticite´ potentielle et l’onde de surface e´tant le moteur de l’amplification. Aux
e´chelles courtes, le signal est domine´ par des trains d’ondes d’inertie-gravite´ qui se propagent
vers le haut et le bas du dipole de vorticite´ potentielle, et lui sont directement connecte´s.
Leur origine est diagnostique´e comme une ge´ne´ration spontanne´e par la partie e´quilibre´e de
l’e´coulement directement associe´e au dipole de vorticite´ potentielle, qui de ce fait devient
une source mobile d’ondes d’inertie-gravite´.
Pour une force peu intense, la re´ponse est line´aire, et l’onde de Eady de surface domine
sous la vorticite´ potentielle si celle ci est assez basse, alors que les ondes d’inertie-gravite´
dominent au dessus. En particulier, le me´canisme e´quilibre´ de production de l’onde de surface
est naturellement cyclolytique, bien que la partie non e´quilibre´e de l’e´coulement en re´duise
l’amplitude. Pour une force intense, la zone force´e se de´stabilise et e´met alors des ondes
d’inertie-gravite´ supple´mentaires encore plus courtes, qui compliquent notamment la re´ponse
au sol. Dans le cas d’un forc¸age orographique ide´alise´, les re´flexions non line´aires au niveau
critique font saturer la force pour des montagnes trop hautes.
4.1 Introduction
The fact that mountains influence meteorology and climate is well known. In parti-
cular, the lee cyclogenesis accounts for the ability of mountains to modify and constrain
cyclogenesis, and even to trigger it. This question has given rise to a number of theories,
mixing the dynamics of fronts and baroclinic instability (e.g. Smith 1984, Pierrehum-
bert 1985, Speranza et al. 1985, Scha¨r 1990). Thanks to the advance of numerical
simulations and observations, the access to mesoscale dynamics has progressively be-
come possible. In this context, the dynamics of Potential Vorticity (PV) (Haynes et
McIntyre 1987) has emerged as a kee concept to understand lee cyclogenesis, by consi-
dering the orographic generation of PV anomalies (Scha¨r and Smith 1993, Scha¨r and
Durran 1997, Aebischer and Scha¨r 1998). For example, short mountain Gravity Waves
(GWs) can be absorpted and break near critical levels (Booker and Bretherton, 1967),
as illustrated in Fig. 4.1. By this process they can yield the momentum they transport
to the large scale flow, and the resulting localized force induces PV anomalies. Note
that in the absence of critical levels, mountain GWs can also deposit momentum if
they have a strong amplitude, by overturning and breaking. Other orographic process
can generate a non advective PV flux locally. In this respect, the combination of ob-
servational data from the MAP campaign (Mesoscale Alpine Program, Bougeault et
al. 2001) with meso-scale numerical simulations have considerably improved our know-
ledge of the fine scale PV field in mountain wakes (Scha¨r et al. 2003, Flammant et al.
2004).
This recent advance provides us now with new theoretical questions, concerning the
effects of the meso-scale dynamics onto the synoptic and subsynopticscale dynamics,
while there is still a need to improve the parameterization of subgrig-scale orography
in the General Circulation and Numerical Weather Prediction Models. In this context,
Martin and Lott (2007) have studied theoretically, in the linear semi-geostrophic fra-
mework, the large scale effects of the subgrid scale orography of isolated mountains in
the presence of directional critical levels (Shutts, 1995). Indeed, these effects rely on
a non evident 3D dynamical process involving the PV. This mechanism is still poorly
represented in the current GW drag parameterization schemes, in spite of the recent
advance (Lott and Miller 97, Gregory et al. 1998, Scinocca and McFarlane 2000). Thus,
Martin and Lott (2007) have shown that the PV dipole, generated by the mountain
GWs within a directional wind shear, influences lee cyclogenesis by forcing Eady edge
waves at the surface and the tropopause. The effect was found to be significant though
rather weak, and qualitatively predictible by a simple geometrical law of thumbs. In
particular, it was found to be cyclolytic in the cold front cases. The aim of the present
study is to extend this analysis, by computing the complete subsynoptic scale response
to a mountain GWs’ force localized in space and time.
In our context, the focus on PV is not usefull only to study the balanced part of
the flow. It can also be a starting point to analyse the coupling mechanisms between
the balanced and unbalanced flow components. And the unbalanced one is important
for two reasons : (i) it enters into account in lee cyclogenesis at subsynoptic scales,
and (ii) it contains Inertia-Gravity Waves (IGWs).
GWs and IGWs are relatively ubiquitous in the atmosphere. They influence the
large scale circulation, and their effect is very significant in the middle atmosphere
(Fritts and Alexander, 2003). Nevertheless, their parameterization in the General Cir-
culation Models is today limited by our lack of knowledge about their sources (Kim et
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al 2003, McLandress and Scinocca 2005). Notably, the mechanisms that link balanced
flow to IGWs are still poorly understood (see for example Plougonven and Snyder
2007, and ref therein).
The idea that a body force applied to the flow can generate IGWs is not new. By
a linear process, that we will call here radiation, a body force localized in time and
space will generate perturbations in the flow, which will propagate by the oscillatory
mechanism which is dominant at the scales induced by the force. Thus, in our context
the force will radiate IGWs if the horizontal and temporal scales are such that the
Rossby number is near 1 or larger. This mechanism was already described as a secon-
dary generation of IGWs by the short mountain GWs breaking (Scavuzzo et al. 1998,
Lott 2003, Vadas et al 2003). Actually, other mechanisms of secondary generation of
GWs or IGWs have been proposed, that do not require the presence of a force, but
which also rely on the nonlinear saturation and breaking of pre-existing GWs or IGWs
(e.g. Satomura and Sato, 1999). More precisely, all of them rely on the existence of
instabilities in a strongly sheared and overturned or mixed layer, that will result in
the secondary generation of GWs or IGWs because of the linear (e.g. Sutherland et al.
1994) or nonlinear (Scinocca and Ford, 2000) growth of local unstable normal modes,
or because of the global mixed-layer collapse (Bhu¨ler et al., 1999). These mechanisms
account for the generation of waves at different scales, which can be gathered under
the general category of shear generated GWs or IGWs.
ILCL IL
x
z U(z)
F
Fig. 4.1 – Schematic view of the problem. The background wind U(z), linearly sheared, is
submitted to the short scale orographic variance of an isolated mountain. The short mountain
gravity-waves have their inertial critical levels (IL) very close to their critical level (CL).
They are absorpted in the critical layer and exert a force F on the large-scale flow, which is
localized slightly under the critical level.
In the present study, the force applied upon the background wind within limited
time and area will obligatory generate IGWs by radiation. If the force varies slowly
enough, these IGWs will behave as inertial oscillations, which stay embeded in the vi-
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cinity of the force. Nevertheless, to explain completely the following linear responses,
we need to introduce two new mechanisms of IGWs secondary generation. These are
intrinsically different in that they are not directly linked to the force, but more speci-
fically to the existence of a dipolar PV anomaly.
Namely, the first of these mechanisms is the forcing of the unstable non-geostrophic
normal Eady modes of the subsynoptic scale Eady problem. These modes are the result
of a coupling, near a critical level, between a partially balanced surface Eady wave and
an IGW of the same wavelength (Plougonven et al, 2005). They were studied in the
previous chapter. In that respect, Shutts (2001, 2003) has already shown, by means of
linear analytical calculations, that a single mesoscale mountain ridge is able to force
flow responses coupling Eady edge wave trains to IGW trains in the presence of a
back-sheared or directionally sheared flows. Note that previously, Wurtele et al. (1996,
1999, 2000) and Shen and Lin (1999) had also identified similar responses for the back-
sheared flow, using 2D numerical simulations forced by a sinusoidal surface or by an
isolated mesoscale mountain. Our present analysis, based on the PV diagnosis, may
help to further understand these responses in the subsynoptic scale context.
The second of these mechanisms is the spontaneous generation of IGWs by the
balanced flow associated to the dipolar PV anomaly. Indeed, in certain situations the
balanced flow can spontaneously generate IGWs, because short lagrangian time-scales
arise locally in the flow. For example, this can happen because of the background
shear flow (Vanneste and Yavneh 2004, Olafsdo´ttir et al. 2008), like in jets and fronts
baroclinic life-cycles (Plougonven and Snyder 2007, and ref therein). To diagnose this
situation in general, Plougonven and Zhang (2007) have recently proposed a calcu-
lation of the forcing of IGWs by the balanced flow. More particularly, spontaneous
IGWs generation was described recently by Snyder et al. (2007) in the evolution of a
dipole of couner-rotating balanced surface vortices. In our case, the dipole of vortices
created by the force is in the midtroposphere, in the vertical plane, and not totally ba-
lanced. But we will show that it can also generate IGWs by an analogous mechanism.
Note that this mechanism must be distinguished from another process of spontaneous
IGWs generation by balanced vortices, which is refered to as analogous to Lighthill’s
radiation of sound waves (Ford et al. 2000, Plougonven and Zeitlin 2002). In this last
process the IGWs wavelength is larger than the scale of the balanced vortex, which is
not the case here.
Thus, in the following simulations, we will measure the relative importance of the
three mechanisms of IGWs secondary generation described previously : (i) radiation,
(ii) subsynoptic scale non geostrophic baroclinic instability, and (iii) spontaneous ge-
neration by the PV dipole. We will essentially concentrate on the last two ones, which
have been less studied. In particular, (ii) and (iii) are actually closely related as they
both rely directly on the PV anomaly. But we can distinguish them by the domain of
horizontal scales they affect. As the forcing induces a continuous spectrum of wave-
lengths, both parts of the signal will be present in the total response, with a partition
depending on the experimental conditions. Finally, note that in the context of nonli-
near regimes, the response will be even more complicated, by the rise of smaller scale
shear generated IGWs.
To interpret correctly the following numerical simulations, it is usefull to recall some
results obtained in the previous chapter, concerning the subsynoptic non-geostrophic
unstable Eady modes. Indeed, they were studied within the same theoretical and nu-
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merical framework as here, that is the nonhydrostatic, anelastic 2D Eady model. These
modes are made of an Eady edge wave and an IGW coupled near an inertial critical
level, where an irreversible meridional heat flux extracts some potential energy from
the background flow to the perturbation. Therefore, the growth rate of this instabi-
lity is very sensitive to the dynamics of the flow near the inertial critical level, which
depends notably on the effective turbulent diffusivities (viscous and thermal) and on
the vertical resolution of the numerical simulation. Accordingly, the accurate simula-
tion of the structures and growth rates required a high vertical resolution and a low
diffusivity constant. By concern of consistency with these results and those concerning
the nonlinear saturation, we will take care that the present numerical experimental
conditions are close to those used previously, notably by using rather low diffusivities
and a high vertical resolution.
For this last reason, we restrain to 2D simulations to reduce the numerical cost. In
that respect, the fact that we will always assume a linearly backsheared background
flow that vanishes in the mid-troposphere,
U(z) = (U0 + Λ z) ex = U(z) ex , with ΛU0 < 0 , (4.1)
is not a strong restriction actually. Indeed, it is shown in the appendix A that if the
orography can reasonably be considered 2D as regards to the scales considered, then
the inclusion of a constant meridional background wind to the Eq. (4.1) will give a
directional wind, but will change almost nothing to the physics of the problem. By
contrast, in the case of a 3D mountain, the presence of a directional wind shear in-
duces a thicker and smoother vertical distribution of the momentum deposit than for
a 2D wind (Shutts 1995).
The outline of the chapter is as follows. In order to increase progressively the com-
plexity of the problem, in section 2 we begin , by analysing the linear response of the
background shear flow to a parameterized body force. This force mimics the action
of short scale mountain GWs breaking at their critical level in the mid-troposphere,
where the background flow vanishes. Then, the sensitivity of the response to the ma-
gnitude of the force, and to the height of the force is analysed. In section 3, we present
the large scale response to an idealized orographic profile which represents the short
scale orographic variance of an isolated mountain range. The mesoscale ridges of this
mountain generate short scale GWs that break at their critical level, which is directly
resolved by the model. The results are compared with the previous parameterized si-
mulations of section 2. The sensitivity of the response to the height of the mountain is
then presented. Finally, in section 4 we summarize and discuss the significance of our
results in the context of IGWs secondary generation, and lee cyclogenesis. The details
of the equations and the numerical model used are described in the appendices.
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4.2 Response to a parameterized force
In this section, the background wind is submitted to a parameterized force designed
to mimick the momentum deposit from short mountain GWs breaking at their critical
level. The stationary mountain GWs propagating in the wind of Eq. (4.1) will reach
their critical level at z∗, where the wind vanishes (U(z∗) = 0), and will be absorpted
there. Anticipating the numerical results presented in section 4.3, we assume that the
absorption induces a zonal force whose maximum is localized slightly under z∗, at a
distance δz, and which is idealized by a gaussian profile of horizontal width L and
vertical depth d (see the Fig. 4.1) :
F(x, z, t) = s(t) F0 e
{−2 x2
L2
− (z−z∗+δz)2
d2
} ex. (4.2)
This definition of L in the horizontal profile of the force is consistent with a gaussian
orographic profile as defined in section 4.3 in Eq. (4.20). The force F is modulated
by a function of time s(t), which allows to raise the force smoothly and also to cut it
smoothly after a while if needed :
s(t) =


1
2
(1− cos(pi t
τ1
)) , if 0 ≤ t < τ1
1 , if τ1 ≤ t < τ1 + T
1
2
(1 + cos(pi t−τ1−T
τ2
)) , if τ1 + T ≤ t < τ1 + T + τ2
0 , if t ≥ τ1 + T + τ2.
(4.3)
Raising the force smoothly, within a time longer than half the inertial period, allows
to minimize the generation inertial oscillations by radiation. But these oscillations will
be present nevertheless, because the finite CPU time prevents us from using a very
long spin-up time τ1. Making the force vanish smoothly after a time T will allow us
to study the influence of the PV anomaly alone, that is without any remaining body
force, after the time t=τ1+T+τ2. Nevertheless, simulations with constant forcing after
τ1 will also be presented in the non parameterized problem of section 3, in relation
with previous works by Lott (2003).
In the following, we start in section 4.2.1 by studying the response to a weak force
localized in the mid-troposphere (experiment P1). As the force is weak, the response
of the atmosphere will be essentially linear. And as the height of the force is rather
close to the surface, it will be able to force non-geostrophic unstable Eady modes of the
kind studied in chapter 3. Then, in section 4.2.2 the magnitude of the force is increased
to observe the nonlinear saturation of the same problem (experiment P2). Finally, in
section 4.2.3 the height of the force is raised in the high troposphere (experiment P3),
in order not to generate unstable Eady modes. This allows to distinguish more clearly
the two mechanisms of IGWs secondary generation forced by the PV, which take place
together in P1.
4.2.1 Linear response to a weak force in the low-troposphere
(P1)
i) Experimental setup
We define a reference experiment called P (“Parameterized”), from which we will
start a series of sensitivity tests. The background flow parameters are
f = 10−4 s−1, N = 10−2 s−1, U0 = −14 ms−1, Λ = 4.10−3 s−1 , (4.4)
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which gives a wind vanishing at z∗ = 3.5km. In Eq. (4.4), N is the Brunt-Vaisa¨lla
frequency and f the Coriolis constant. The force profile is defined by1
F0 = pi.10
−5m2s−2, L = 100km, d = 300m, δz = 200m, τ1 = τ2 = 15h, and T = 10h.
(4.5)
The numerical scheme and parameters are described in Appendix F. Note that the
diffusivity is set to µ = 0.01 m2s−1 for this experiment. This low value is necessary
for accounting correctly for the unstable coupling that takes place near the inertial
critical levels (see Chapter 3). The horizontal width of the domain is 2LD=2pi*600km,
and contains two lateral sponge layers of thickness Ls=pi*200km. The physical and
numerical parameters that will change in the following experiments are summarized
in the Table 4.1.
Exp z∗ (km) L (km) F0 (m
2.s−2) H0 (m) τ1 (h) T (h) τ2 (h) µ (m
2.s−1) LD (km) Ls (km)
P1 3.5 100 pi.10−5 15 10 15 0.05 pi*600 pi*200
P2 3.5 100 pi.10−4 15 10 15 0.05 pi*400 pi*200
P3 10 100 pi.10−5 15 10 15 0.05 pi*600 pi*200
M1 3.5 100 15 15 10 15 0.15 pi*170 0
M2 5 75 15-250 10 ∞ ∞ 0.5 pi*187 pi*37
Tab. 4.1 – Physical and numerical parameter settings of the different experiments.
ii) Total response, balanced part and unbalanced part
a. The method
In the following, we always study the perturbation flow in response to the forcing, and
in reference to the background flow U(z) (see Appendix A). This perturbation flow is
called the total response, and is analysed in terms of its balanced part (subscript b),
and its residual the unbalanced part (subscript ub) :
(u, v, w, θ, φ) = (ub, vb, wb, θb, φb) + (uub, vub, wub, θub, φub) . (4.6)
To describe the balanced part, we follow Martin and Lott 2007, and use a 2D linear
semi-geostrophic balance set of equations (see Appendix C). At each storage time, the
inflow PV anomaly q associated to this balance is evaluated out of the total flow by
ρ0q = (1− Ri−1) θ0z vx + f θz . (4.7)
Then, it is used to extract the balanced fields, under the assumptions of geostrophy
for vb and φb, and hydrostasy for θb and φb. Therefore the geostrophic flow (vb, θb, φb)
is directly inverted from the inflow PV, and using the rigid boundary conditions in
the balanced thermodynamic equation to include the Eady edge waves. The other ba-
lanced fields ub and wb are not geostrophic but purely ageostrophic
2. For this reason,
(ub, wb) is deduced from the Omega equation and the continuity equation. The un-
balanced fields are then obtained by substraction of the balanced part to the total
response, following Eq. (4.6). Thus, the non-geostrophic part of the flow is the sum of
the balanced ageostrophic flow (ub, wb) and the unbalanced flow (uub, vub, wub, θub, φub).
Nevertheless, internal waves can only be found in the unbalanced flow, because the
1The symbol h is used for the hour time unit.
2In 3D, ub would be geostrophically equilibrated.
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relation between the PV and the balanced flow is elliptic. In the following, according to
this analysis we first describe the PV anomaly, then the balanced flow, the unbalanced
flow and finally the total flow.
b. PV anomaly - Fig. 4.2
To understand qualitatively the PV pattern shown in Fig.4.2, we consider in a first
approximation the PV budget in the 2D linear semi-geostrophic context (see Appendix
C) :
(∂t + U∂x) ρ0 q +∇JN = 0, (4.8)
where the non-advective PV flux is given by
JN = (1− Ri) θ0z F ey −Θy F ez. (4.9)
As there is no possible divergence in the meridional direction in the 2D context, the
PV pattern can only be explained in terms of the vertical non-advective PV flux
JNz = −Θy F ez, and the advection by the background windshear U(z). As the wind
is positively sheared (Λ > 0), hence Θy < 0 in virtue of the thermal wind equilibrium,
and JNz points upward. In the first stage, this induces a vertically oriented PV dipole
in the vicinity of the force, made of a positive PV lobe above a negative one. This
is illustrated in the Fig.4.2a for t=τ1, that is at the end of the spin-up of the force.
The PV lobes have roughly the same elongated and gaussian profile as the force F .
Thereafter, the PV anomaly goes on intensifying as long as the force stops. In the
same time, this structure is submitted to the differential advection by the background
windshear. As the force is localized slightly under the level of vanishing wind, the
negative PV lobe is substantially advected westward, whereas the positive one stays
more or less centered around (x = 0, z = z∗) and is steered by the background shear
(Fig.4.2b for t=45h). This process goes on until the end of the experiment, which
increases progressively the global length of the PV pattern (Fig.4.2c for t=75h). The
drift velocity of the negative anomaly is around 1.7m.s−1 between t=15h and 75h,
which roughly correspond to U(z = 3km).
Note that to account more precisely for this PV pattern, we must consider (i) the
effect of the vertical advection of the background PV3 which explains that the positive
lobe is slightly more intense than the negative one, and (ii) the nonlinear term of
vertical advection of the PV anomaly which explains the slight tilt of the positive lobe
(see the subsequent description of the vertical velocity field in Fig. 4.3c and Fig. 4.6c).
c. Balanced flow - Fig. 4.3
The PV anomaly of the Fig.4.2b is added in Fig. 4.3f as a constant reference in space
for the discussion. We first describe the flow directly induced in the vicinity of the PV
anomalies.
As illustrated by the Eq. (4.7), a definite sign PV anomaly is generally associated to
a vorticity anomaly vx and a stratification anomaly gθz/θ0z of definite signs. Particu-
larly, a positive (negative) PV anomaly induces a cyclonic (anticyclonic) circulation
extending outside of itself. As in our case the two PV anomalies of opposite sign are
approximately side by side, with the positive one on the right of the negative one,
they combine to create a central dominant southward jet, surrounded by two weaker
northward jets (vb in Fig. 4.3b, near z=3km). This system is slightly tilted, as is the
3In the anelastic context, the background PV P = ρ−1
0
(fθ0z+ΘyΛ) is not uniform in the vertical.
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Fig. 4.2 – PV anomaly at the dates t=15h (a), 45h (b) and 75h (c), for experiment P1. The
minimum and maximum values of the PV field at each time is indicated above each map,
with the value of the Contour Interval (CI) in PV units (PVU).
PV dipole. The positive (negative) PV anomaly is also associated to a local increase
(decrease) of the stratification, hence a negative potential temperature anomaly θb ap-
pears under it (above) and a positive one above it (under) (Fig. 4.3d). By a vertical
integration of the hydrostatic relation starting from z = ztop, one can deduce from the
Fig. 4.3d that the positive (negative) PV anomaly is associated to a negative (posi-
tive) geopotential anomaly (Fig. 4.3e). To explain the pattern of the vertical velocity
wb in Fig. 4.3c, we must remind that for the balanced flow, a positive (negative) me-
ridional wind must induce an ascent (descent) to equilibrate partially the northward
heat transport −Θy vb by an adiabatic cooling (warming) −θ0z wb (see Eq. 4.44d in
Appendix D). Finally, to respect the mass conservation, the Fig. 4.3c implies that the
zonal velocity ub must be convergent above the PV dipole, and divergent under, which
is observed in Fig. 4.3a. An overview of this balanced mechanism is schematized in the
Fig. 4.4.
This interpretation of the balanced circulation is essentially valid inside the flow,
near the PV anomaly. But near the surface, as in Martin and Lott (2007), there is
no vertical motion to balance the heat transport induced by the meridional wind
associated with the PV. This triggers a surface Eady wave. Note that the same occurs
at the upper boundary, but this can be neglected here since the PV is very far from it
(ztop=40km). On the contrary, the magnitude of the surface anomalies of vb and θb are
comparable with those near the PV (Figs. 4.3b, and d). These surface anomalies are
submitted to the Eady edge wave dynamics, with a anticyclonic circulation (Fig. 4.3b)
centered on a cold anomaly (Fig. 4.3d) and a high pressure (Fig. 4.3e). Consistently,
the vertical velocity follows the sign of the meridional velocity near the surface, for
the same reason as near z∗ (Fig. 4.3a). And the zonal velocity is in quadrature with vb
and in advance of phase (Fig. 4.3a). At this stage, the observed wavelength is rather
short, between 600km (vb and θb) and 1200km (φb), with an intermediate value of
800km for ub. The westward propagation of this surface Eady wave packet is not clear
in the Fig. 4.3, but will appear later in the simulation, as will be confirmed in section
4.2.1. It is important to notice that the horizontal position of the surface anomalies
is slightly shifted as regards to the corresponding anomalies near the PV (z∗). The
resulting tilt of the phase lines is upshear for ub, vb, w and φb, and downshear for θb,
which allows the disturbance to extract energy from the background flow. This point
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will be discussed further and quantified in the next paragraphs.
d. Unbalanced flow - Fig. 4.5
The first thing to note is that the magnitude of the unbalanced flow is globally a little
weaker than the magnitude of the balanced flow (Fig. 4.3), but comparable with it
(pay attention to the different vertical domains of the different maps). The ratio is
approximately from 2 to 5 times smaller, except for uub which is comparable with its
balanced ageostrophic counterpart ub.
The second thing to note is that the unbalanced response can globally be divided into
two distinct components out of the horizontal scales appearing in the fields. A rather
short horizontal wavelength of around 500km dominates the signal, essentially in the
range x = [−400; 200]km, that is above the PV and under it near the surface. But
a secondary wavelength, larger and weaker in amplitude, is clearly visible near the
surface in θub and φub (around 1200km) and in uub (around 1000km). The latter is also
slightly visible in the background of wub, in the left part of the panel.
The third important feature is that at the surface, all the unbalanced fields are in phase
opposition with the balanced ones over almost the whole domain. This is notably very
clear under the PV (x = [−300; 100]km). This is a main result, which means that the
unbalanced flow tends to reduce the effect of the balanced flow at the surface. The
reason will be explained with P3 in section 4.2.3.
To understand the rather complex structure of these unbalanced fields, we must
remind that it is made of two contributions : namely the IGWs of the total response,
which are the essential part, but also the residual of the balanced fields which was not
captured by our linear semi-geostrophic balance system. Indeed, for such subsynoptic
scales our balance system is limited, since it is more adapted for synoptic scales. In
other words, this means that our extraction of the IGWs part of the response is slightly
corrupted by the imperfection of our balance system. Particularly, this means that near
the surface, the unbalanced response is a mix between IGWs and the residual of the
balanced surface Eady waves. This probably explains partially the presence of a large
scale component in the surface signals. Note that the use of a higher order balance
could reduce even more this residual contribution.
Hence, it is easier to first analyse the signals above the PV, where the dominant
feature is at λ ∼ 500km. The latter appears rather clearly in the wub and φub (Figs. 4.5c
and e), between z=5km to 30km, as an IGW packet linked to the PV. It is also slightly
visible in uub and θub (Figs. 4.5a and d). The associated generation mechanism will be
diagnosed in a clearer context in section 4.2.3. In the vertical velocity the IGWs reach
a magnitude of 5.10−4m.s−1, comparable with the global amplitude of wub. And in the
pressure perturbation they reach 0.6 Pa, that is about 20% of the global amplitude of
φub. The phase lines are tilted upshear, indicating an upward group velocity, and they
are less tilted in their lower part since the intrinsic frequency approaches the inertial
frequency (Fig. 4.5c). The wave packet is damped by the sponge layer above 20km.
Finally, the presence of the second component at λ ∼ 1000km is perceivable in the
background, as a large negative lobe 500km wide (x = [−1000;−500]km), and a slight
assymetry between the two main small scale lobes described above (x = [−400; 0]km,
the positive lobe is stronger).
This IGW packet is connected to the surface flow through the region of the PV
anomaly, near z = 3 − 4km and x = [−300; 100]km (Fig. 4.5c). In this region, the
inertial oscillation generated locally by radiation by the force is clearly visible in uub,
vub, and wub. It takes the form of a main tongue very sheared and elongated, thin and
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Fig. 4.3 – Balanced part of the response to the forcing at t=45h for experiment P1 : a) zonal
velocity, b) meridional velocity, c) vertical velocity, d) potential temperature, e) geopotential
perturbation (or pressure) and f) PV anomaly. The minimum and maximum values of each
field at this time is indicated above each map, with the value of the Contour Interval (CI).
The PV anomaly is added as a reference (±1PVU in green), but is identical to Fig. 4.2b.
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Fig. 4.4 – Schematic view of the the balanced mechanism. The PV anomalies created by the
force F are shifted horizontally by the background shear U(z). This induces a circulation
indicated by the arrows (the meridional component is represented slightly above the PV
lobes for clarity), and a positive (negative) geopotential anomaly on the negative (positive)
PV lobe (HIGH and LOW). The potential temperature anomalies are also indicated, which
account for the local change of the stratification associated to the PV anomalies.
nearly horizontal, but slightly tilted as the PV pattern. At this moment, this tongue
is moderate and negative in vub, and intense and positive in uub. Actually, this pattern
propagates a little vertically, very slowly.
As will be explained in section 4.2.3, another short scale IGW packet is also ge-
nerated downward by the PV (λ ∼ 500km). It is clearly visible between the PV and
the surface in vub, wub, θub and φub. The signal is more complex in uub but this IGW
is also largely present at the surface. The phase relationships are correct : uub and
θub are in quadrature with vub, and in advance of phase. The same is true for φub by
hydrostasy. It is striking that this IGW packet is largely more intense at the surface
than above when approaching the PV. This can be explained as follows. Further exa-
mination of the surface response by a Hovmuller diagram shows that this lower IGW is
propagating very slowly and following the advection of the PV (not shown, see section
4.2.1 for the method). This means that its critical level is localized near z∗. And its
lower inertial critical level can be deduced from the wavelength and the shear Λ by
zIL − zCL = fλ2piΛ ∼ 2km, that is near z=1.5km. Thus, this IGW packet is trapped
between the ground and its lower inertial critical level in the first two kilometers, and
is evanescent above.
e. Total flow - Fig. 4.6
Superimposed to the balanced part, the unbalanced contributions result globally in
(i) a reduction of the amplitude of the total surface Eady wave (Figs. 4.6b,d,e), (ii)
a reduction of the vertical tilt of the phase lines for u, v and φ (Figs. 4.6a,b,e) and
an increase of this tilt for θ (Fig. 4.6d), and (iii) an increase of the wavelength of
the total Eady wave, which is about 1200 km (Figs. 4.6b,d,e). The magnitude of the
total response is rather weak, which ensures the linearity of the process, and must be
related to the weakness of the force amplitude F0 in this experiment. The perturbation
horizontal velocities and potential temperature are of order 10−1m.s−1 and 10−1K, the
perturbation geopotential (pressure) is about 5 m2.s−2 (or Pa), and the vertical velocity
is of order 10−3m.s−1. The propagation properties will be described further in section
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Fig. 4.5 – Unbalanced part of the response to the forcing at t=45h for experiment P1 :
a) zonal velocity, b) meridional velocity, c) vertical velocity, d) potential temperature, e)
geopotential perturbation (or pressure) and f) PV anomaly. The PV anomaly is added as a
reference (±1PVU in green), but is identical to Fig. 4.2b.
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4.2.1.
Noteworthy, it is now very clear, notably in Fig. 4.6c, that the total response can
be divided essentially into two contributions : (i) a short scale upper IGW packet
(λ ∼ 500km) and (ii) a larger scale non geostrophic Eady mode (λ ∼ 1000km) which
couples a surface Eady wave with an IGW of the same scale.
At the surface, the horizontal extension of the total Eady wave is larger than for
the balanced Eady wave. This is consistent with the general idea that the unbalanced
flow is faster than the balanced one by definition. And it was verified previously in the
Fig. 4.5. In particular, at the surface the two components tend to destroy each other
upstream, whereas the Eady wave is extended downstream. Hence, the unbalanced flow
accelerates the building up of the lee wave generated by the PV, though it reduces its
amplitude under the PV.
Another way to understand that the horizontal scale of the balanced surface Eady
wave is increased by the unbalanced flow contribution, is to refer to the previous obser-
vations of Nakamura (1988). For this discussion, we need to introduce a characteristic
vertical scale H , and a characteristic horizontal scale LE , to describe the surface Eady
wave. We define the Burger, Richardson, and Rossby numbers respectively by :
Bu =
NH
fLE
, Ri =
N2
Λ2
, and Ro =
ΛH
fLE
=
Bu√
Ri
, (4.10)
In order to keep consistent with the conventions defined in Chapter 3 about non-
geostrophic unstable modes, we impose arbitrarily that the height H corresponds to
the quasi-geostrophic regime in which
Bu =
NH
fLE
= 1. (4.11)
This way, the corresponding Rossby and Richardson numbers are designed to describe
the surface dynamics in comparison with the results of Chapter 3. Hence, we find
Ro ∼ 0.4, and Ri ∼ 6.25. The observed surface wavelength λE is between 600km
and 1200km in the balanced and unbalanced responses, which corresponds to a scale
LE = λE/2pi between L and 2L (we remind that L refers to the force profile). This
yields H=1km to 2km, which is reasonable in comparison with the surface signals
observed in the Figs. 4.3, 4.5 and 4.6. Hence, the Rossby number is between Ro ∼ 0.2
and 0.4, while Ri ∼ 6.25.
According to Nakamura (1988) we know that for increasing shears or Rossby num-
bers, the ageostrophic flow tends to stabilize the unstable Eady modes by decreasing
the vertical height of penetration of the edge waves. This increases the horizontal
scale of the most unstable mode as regards to the quasi-geostrophic value, and can be
summarized by the modified deformation radius relation :
LR =
h
√
N2 + Λ2
f
. (4.12)
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Fig. 4.6 – Total response to the forcing at t=45h for experiment P1 : a) zonal velocity, b)
meridional velocity, c) vertical velocity, d) potential temperature, e) geopotential perturba-
tion (or pressure) and f) PV anomaly. The PV anomaly is added as a reference (±1PVU in
green), but is identical to Fig. 4.2b.
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iii) Energy budget and Eliassen-Palm flux
The energy budget of the experiment P1 is presented until t=50h in Fig. 4.7 in
relation with the equations given in Appendix B and Appendix D : energy of the
perturbation in a), energy tendency terms in b), and geostrophic meridional heat
flux in c). In particular, the total energy and its geostrophic and non geostrophic
components are computed respectively by space integrals of
e =
ρ0
2
(
u2 + v2 + w2 +
g2
θ20N
2
θ2
)
,
eg =
ρ0
2
(
v2b +
g2
θ20N
2
θ2b
)
, and
eng =
ρ0
2
(
u2 + v2ub + w
2 +
g2
θ20N
2
θ2ub
)
, (4.13)
over the entire domain. Note that the non geostrophic balanced fields ub and wb take
part of eng, not eg.
The tendency curves in Figs. 4.7b and c show that the perturbation energy growth
is essentially due to the transfer of potential energy from the baroclinic background
flow to the perturbation via the meridional heat flux (green curves). This process
is predominantly balanced, and linear. But it is strongly modulated by the inertial
oscillation radiated by the force, as testified by the difference between both green
curves. We do not concentrate especially on this inertial oscillation in this study, since
it can be substantially reduced by keeping the force constant over the whole experiment
after the spin-up time τ1. Actually, this inertial oscillation is essentially localized near
the PV but also partially contained by the global mean flow, because of the finite size
of the space domain. This latter contribution can also be reduced by increasing even
more the width of the domain.
A closer examination of the energy curves in Fig. 4.7a indicates that the process
can be divided into three stages. During the first 15h, the force settles and the pertur-
bation starts to grow, essentially through an unbalanced process because the balanced
dynamics is slower. A southward meridional jet starts to develop, equilibrating the
force by the coriolis torque. In the next 20h, the force is building up the PV anomaly
which is continuously steered by the shear, increasing the southward meridional jet by
the mechanism described in Fig. 4.4. This jet intensifies the energy growth by carrying
a positive heat flux, feeding essentially the balanced part of the flow. The third stage
starts a little before 40h, when the force becomes neglectable. It is characterized by
a simultanous exponential growth of the balanced and unbalanced components of the
flow until the end of the experiment at t=80hrs (not shown), by a spontaneous me-
chanism in the absence of the force. We argue that this mechanism is essentially the
growth of a non-geostrophic unstable Eady mode of the kind studied in Chapter 3,
forced by the advected dipolar PV anomaly. We show it in the following. Incidentally,
we note also that the fact that the unbalanced flow reduces the amplitude of the sur-
face Eady wave is now visible in the total energy (black), which is smaller than the
balanced energy (red) for t>45h.
As explained in the appendix C, in our model the vertical distribution of the per-
turbation energy tendency is well represented by the two components of the horizontal
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Fig. 4.7 – Time evolution of the perturbation energy budget, for experiment P1 of section
4.2.1 : a) total perturbation energy, and its geostrophic and non geostrophic contributions
(Appendix B and Appendix D), b) tendency terms of the energy budget, and c) geostrophic
meridional heat flux.
mean vertical Eliassen-Palm (EP) flux
F z = ρ0
[
f
θ0z
vθ − uw
]
, (4.14)
provided that the other energy tendency terms, diffusive or nonlinear, are neglectable.
This profile can help to characterize the dominant energy growth process and the
vertical structure of the perturbation, as was done in Chapter 3. The result is shown
in Fig. 4.8. The flux profiles were averaged in time for the period t=40h to 57h,
which represents one inertial period starting when the force vanishes (thick lines). To
represent the influence of the inertial oscillation which modulates the fluxes, we also
display the profiles at two dates separated by one half inertial period and representative
of the amplitude of the modulation, that is t=45h and 53h (thin lines).
In many respects, these profiles are strongly reminiscent of the profiles observed in
Chapter 3 for the non-geostrophic unstable Eady modes (Fig. 7). Under z=3km, the
meridional heat flux (green) is positive, nearly constant except a slight decrease with
height. On the contrary, the kinetic energy flux profile (blue) is approximately zero.
These profiles are typical of a 2D baroclinic Eady wave, in which the phase lines of v
are tilted upshear and the phase lines of θ are tilted downshear, as it is the case here
(Figs. 4.6b and d, it is less clear for v than for θ, and Figs. 4.3b,d for the balanced
part which is dominant in the energy budget). Note that, as said before, the fields u
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and w are totally non-geostrophic because the wave is 2D, hence the kinetic energy
flux −uw is substantially smaller than the meridional heat flux f
θ0z
vθ.
Between z=3km and 3.5km, that is in the area where the force was acting before
t=40h, the meridional heat flux is positive and peaks typically as it does in Chapter
3. This can be interpreted as the presence of an inertial critical level for the global
perturbation. The term −uw averaged in time does not peak in this zone but the
instantanous values do, as indicated by the profiles for t=45h and 53h, testifying of a
critical behaviour as for f
θ0z
vθ. We see that the inertial oscillation modulates the signal
essentially in the critical zone, that is where the force was applied before, and makes
the two peaks oscillate around their mean value. On the contrary, under this critical
zone, the profile has an positive value increasing with time, because of the growth of
the unstable mode.
To check that the mechanism of the perturbation energy growth (after the force
cut-off) is essentially the one of an unstable non-geostrophic Eady mode of the kind
studied in Chapter 3, we note that the observed position of the inertial critical layer,
between z=3km and 3.5km, is consistent with the lower estimate of the balanced sur-
face Eady wave wavelength λE, which is around 600-700km and corresponds to the
geostrophic fields vb and θb (Fig. 4.3b and d). Refering to the analysis in Chapter
3 (and Plougonven et al 2005), this corresponds to a characteristic horizontal scale
LE = λE/(2pi) ∼ L = 100km, giving a critical level localized near zCL ≈ fLN ∼ 1000m,
which corresponds to the characteristic height H = 1km and the Rossby number
Ro=0.4. The inertial critical level zIL then satisfies zIL − zCL = fLΛ ∼ 2500m, which
indicates a critical layer centered around zIL ∼ 3.5km. This is consistent with the EP
profiles in Fig. 4.8. The discussion of the phase velocity of these unstable modes in
respect to the wind speed at the critical level is adressed in the next paragraph.
Finally, to make the comparison complete, the perturbation growth rate σ is mea-
sured from the total energy curve between t=40h to 80h (not shown), and its non-
dimensionalized value in found to be
σ
N
fΛ
= 0.156± 3%. (4.15)
This is about 10 times larger than the growth rates obtained for free unstable growth
of non-geostrophic modes in Plougonven et al. (2005) (growth rates were not measured
in Chapter 3 for such a small shear). Nevertheless, we should not be mistaken by the
fact that this value is closer to the usual geostrophic baroclinic growth rates (0.3 for
the most unstable quasi-geostrophic mode, Gill 1982). Indeed, as the height of the top
of the model is 40km, accounting for this growth rate by a quasi-geostrophic baroclinic
unstable mode requires a horizontal wavelength of around 80000km, which is far larger
than the model domain. This underlines the crucial effect of the PV dipole in forcing
the disturbance observed here. This is not totally surprising nevertheless, since De
vries and Opsteegh (2005, 2007) have shown recently in the linear quasi-geostrophic
context, that tropospheric PV anomalies can force optimal Eady waves with strongly
enhanced growth rates in the first days. This happens notably when the PV anomalies
are localized near the steering level of the disturbance, and relies essentially on two
mechanisms that are very efficient in the first two days, namely the PV unshielding,
and the resonance between the PV and the surface Eady wave.
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Fig. 4.8 – Horizontal mean of the vertical EP flux contributions averaged in time between
t=40h and t=57h (thick lines), within one inertial oscillation period, for experiment P1. The
thin lines are the same profiles at t=45h and 53h.
iv) Generation of an Eady wave train and an intermittent IGW train
To characterize the waves generated in the whole experiment, we need their phase
and group velocities. We also need to observe the IGW generation process during the
whole experiment. We present the Hovmuller diagrams of horizontal sections of the
flow fields in Fig. 4.9.
The surface sections of u, v and θ are shown in Figs. 4.9d,e and f. They account
for the westward propagation of a surface Eady wave packet, whose wavelength is
increasing with time. The measurement of its phase velocity is not univocal because
this wave is not purely monochromatic neither steady, but can be estimated between
-1.3 and -4,0m.s−1. This “local” phase speed is faster far the PV anomalies than close
to them. These values are significantly slower than the surface wind (-14 m.s−1), and
indicates critical levels localized near z=3km.
The upper IGWs generation process also appears more clearly in the Figs. 4.9a,b,
and c, which present the horizontal sections of u, w and θ near z=20km. Note that the
phase relationships corresponding to westward propagating IGWs are respected, with
w in advance of phase relative to θ and u. The overall process can be described from
the field w (Figs. 4.9b), as the generation of an intermittent IGW train, originated
from the dipolar PV anomaly. This generation lasts very steadily until the end of the
simulation, that is for several inertial periods after the end of the forcing. The group
velocity of the IGW train is measured from the position of the last three subsequent
maxima in w, which gives 1.7m.s−1. This value corresponds to the drift velocity of
the negative PV lobe evaluated before (Fig. 4.2). This ensures that the IGW train
is continuously linked to the PV. The local maximum vertical velocity varies between
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Fig. 4.9 – Hovmuller diagrams for experiment P1, of horizontal sections at the level
Zs=20060m in a), b), c) and Zs=0m in d), e) and f). a) and d) zonal velocity, b) verti-
cal velocity, c) and f) potential temperature, e) meridional velocity.
3.10−4 and 6.10−4m.s−1, with a peak at nearly 10−3m.s−1 reached at t=40h. In the first
stage, the initial growth and slow drift of the negative PV lobe induces an increase of
the wavelength of the IGW packet during the forcing phase, from around 200km at
the begining, to 400-500km at t=40h and until the end. For t<40, it also increases the
lifetime of each IGW packet between the extinctions. In the last 40h, these IGWs are
progressively invaded by growing larger scale patterns. These patterns are linked to the
larger scale components of the response, which have two different contributions. The
first is the growing balanced flow directly induced by the PV dipole (Figs. 4.3a,c,d). The
second contribution is the large scale non-geostrophic unstable Eady mode that couples
the surface Eady wave with large scale upper IGWs (lower part of the Figs. 4.9a,b,c,
negative x positions).
It is striking from t∼30h that the intermittency settles as a modulation at the
inertial frequency (period of 17h). The inertial oscillation described earlier, which mo-
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Fig. 4.10 – Hovmuller diagram for experiment P1, of the surface geopotential perturbation
(Zs=0m).
dulates the total response essentially near the PV anomaly, is actually also responsible
for this modulation. This can be verified by plotting the Hovmuller diagrams of hori-
zontal sections of the two PV anomalies, which reveals that they are submitted to the
same horizontal oscillation (not shown).
The fact that these IGWs do not propagate very far from the PV anomalies in-
dicates that their own phase velocity is close to the one of the moving PV lobe,
giving a critical level close to z∗. This implies an upper inertial critical levels near
z=z∗+1.6km=5.1km, that is above the PV anomalies but close to them. This indicates
that these small scale IGWs are coupled with the balanced flow directly associated to
the PV anomalies rather than to the surface Eady edge wave, whose wavelength is
around twice larger. This is a central point concerning this IGW generation mecha-
nism, and we will discuss it further in the section 4.2.3.
v) Lee Cyclogenesis
The influence of the force F in terms of lee cyclogenesis, in this 2D situation, can
be evaluated by looking at the surface perturbation fields in the downwind side of the
force, that is for x < 0. The examination of the Figs. 4.6b,d,e, of the Hovmuller dia-
grams of v and θ (Figs. 4.9e,f) and of the surface pressure perturbation φ (Fig. 4.10),
confirms the qualitative conclusions that were deduced from the balanced mechanism
schematized in Fig. 4.4. Namely, over the first 500km downwind of x < 0, the sur-
face Eady wave produced by the force starts to grow with an anticyclonic pattern
centered around a high pressure perturbation, which is associated to a cold potential
temperature anomaly. Noteworthy, as shown previously the global influence of the un-
balanced contributions is to reduce the amplitude of the balanced lee wave. Even if
the amplitude of the signal is very weak in this experiment, we can draw a general
qualitative conclusion. In this 2D backsheared background wind, the influence of the
force exerted by the GWs breaking at their critical level is cyclolytic. This confirms
the linear semi-geostrophic results of Martin and Lott (2007), in the 2D non-balanced
subsynoptic scale context.
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4.2.2 Nonlinear response to a strong force in the low-tropos-
phere (P2)
The experiment P2 is the same as P1, except that the force is intensified by a
factor 10 : F0 = pi.10
−4m.s−2. We also increase the horizontal resolution by reducing
the length of the domain to 2LD=2pi*400km.
The Fig. 4.11 shows the PV anomaly
generated at t=25h when the force starts
to decrease (a), and the impact in terms of
total stratification (total potential tempe-
rature in b) and total Brunt Va¨ısalla fre-
quency in c)). The PV anomalies are more
intense than in P1 by one order of magni-
tude, but the negative anomaly seems sub-
stantially destabilized and less pronoun-
ced than the positive one (-0.7PVU versus
1.12PVU). The effect on the stratification
is substantial, since it is doubled in the
positive PV anomaly, whereas the nega-
tive PV anomaly is negatively stratified.
Moreover, these intense PV anomalies of
opposite signs are close to each other, and
induce a strong shear of the flow in this
area. Hence, this area near the negative
PV anomaly is destabilized by shear and
convective instabilities which appears in
the total flow as very small scale instabili-
ties (not shown). For this reason, the maps
shown in the Fig. 4.11 only present the
large scale part of the flow, after filtering
all the fields to remove the scales smaller
than 80km (wavenumbers larger than 30).
To do this, we use a low-pass filter with
a Kaiser window and sidelobe attenuation
of 40dB (Kaiser, 1974).
The large scale flow perturbation gene-
rated here, after filtering, is very close to
the response of P1, as shown in Fig. 4.12 at
t=45h (be careful to the different hozizon-
tal domains). Nevertheless, several impor-
tant differences must be noted. The res-
ponse is now substantial, with u and v
around 1m.s−1, θ around 1K, w around
0.05m.s−1, and φ reaches almost 40Pa. No-
teworthy, the large scale balanced com-
ponent of the response is approximately
5 to 10 times larger than in P1, but the
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magnitude of the IGW packet is increased roughly by a factor 100. The PV anomaly
is much more distorted by the flow, and the negative lobe is largely destabilized and
reduced because of the small scale instabilities. This explains why the balanced flow
amplitude does not completely increases linearly with F0, but saturates a little. In
the same time, this destabilization also implies the arising of shear generated IGWs
forced in the vicinity of the negative PV anomaly, which are much more intense and
have smaller horizontal scales than in P1 (Fig. 4.12c). Indeed, at the surface the large
scale Eady wave is now modulated by smaller scale IGWs whose wavelength is of order
60km, as shown clearly by the Figs. 4.12a,c,d,e. And above the PV, the upper IGWs
have also a smaller wavelength than in P1, of order 70-80km, and a much stronger ma-
gnitude (Figs. 4.12c,e). These observations are confirmed in the Hovmuller diagrams
of the Fig. 4.13 for the whole experiment.
To summarize, if the force is sufficiently strong, the mechanism described in ex-
periment P1 becomes nonlinear. The strongly disturbed area of the negative PV ano-
maly induces a saturation of the large scale balanced process. On the contrary, it
can enhance the generation of short IGWs because of arising shear and convective
instabilities, consistently with Sutherland et al. (1994), and Scinocca and Ford (2000).
4.2.3 Linear response to a weak force in the high-troposphere
(P3)
i) Analysis
The Experiment P3 is the same as P1, except that we change the level z∗ where
the wind vanishes, and hence the level where the force applies. This level is raised in
the high-troposphe`re, at z∗ = 10km. The total response is shown in the Fig. 4.14 at
t=45h, and the Hovmuller diagrams in Fig. 4.15.
The responses ressemble those of experiment P1 (see Fig. 4.6 and Fig. 4.9), except
an important difference. The surface Eady wave is neglectable, and makes a very
small contribution to the balanced part of the signal. The reason is that the PV
is now quite far from the surface. Actually, for the horizontal scales of the IGWs
excited here (Fig. 4.14c), there is a second inertial critical level under z∗, which allows
IGWs to propagate under the PV. That is why the response between the PV and the
surface is dominated in w by an IGWs packet propagating eastward (Fig. 4.15c,d),
which is submitted to multiple reflexion at the surface and at z∗. This lower secondary
IGWs packet was already described in Lott (2003) in the case of the Rayleigh-Drazin
background flow. Note nevertheless, that Lott (2003) did not observe the upper IGWs
observed here above z∗.
The Fig. 4.15 suggests that the generation process of the upper and lower IGW
trains is the same as in experiment P1, and the waves have comparable amplitudes.
Nevertheless, the vertical EP flux averaged in time between t=41 to 57h are shown
in Fig. 4.16. It confirms that the surface Eady wave is not a prerequisite to produce
a large transfer of energy toward the disturbance, localized near the altitude z∗. It
means that in the present configuration, such that z∗ is in the high-troposphere, the
meridional flow resulting essentially from the balanced mechanism described in Fig. 4.4
is alone responsible for the transfer of potential energy from the background flow to the
perturbation. Consistently, the energy budget shows absence of energy growth after
the spin-up time τ1, since the surface is too far for the PV to excite a substantial Eady
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Fig. 4.12 – Total large scale response to the forcing at t=45h for experiment P2 (with
F0 = pi.10
−4 m2s−2) : a) zonal velocity, b) meridional velocity, c) vertical velocity, d) potential
temperature, e) geopotential perturbation (or pressure) and f) PV anomaly.
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Fig. 4.13 – Hovmuller diagrams for horizontal sections at the level Zs for experiment P2
(with F0 = pi.10
−4 m2s−2) : a) large scale zonal velocity (Zs=293m), b) large scale vertical
velocity (Zs=20060m).
wave and resonate with it (not shown).
ii) Diagnosis of a mechanism for IGW secondary generation
In other words, the forcing of a non-geostrophic unstable Eady mode of the type
observed in Chapter 3 is not necessary to generate spontaneously upper and lower
IGWs packets of the same horizontal scale than the force. The force itself is not ne-
cessary neither since the generation lasts almost steadily several inertial periods after
its extinction (Fig. 4.9a,b,c and Fig. 4.15). This will be confirmed below with a second
experiment called P3b, a variant of P3. The local mechanism described in Fig. 4.4 can
help us to understand this secondary generation process. The balanced flow above and
under the PV dipole is such that it contains small horizontal scales and fast lagrangian
timescales comparable with the inertial period. So that IGWs might be generated with
a wavelength of comparable scale, and through a mechanism that might be essentially
linear, in response to the pattern of vertical velocity induced by the balanced flow.
In the litterature about spontaneous IGWs generation by jets, some imbalance diag-
noses were proposed based on the lagrangian Rossby number (O’Sullivan and Dunker-
ton, 1995), or on the residual of the Nonlinear Balance Equation (NBE, see Zhang et
al. 2001). These are only qualitative nevertheless and do not provide any quantitative
mechanism. Moreover, in our context the measure of the lagrangian Rossby number
by the ratio of the non-geostrophic wind to the total wind,
RoL =
|ung|
|u˜| , (4.16)
did not reveal fruitful, because the background wind vanishes in z∗.
More recently, Plougonven and Zhang (2007) have proposed a method to calculate
the forcing of IGWs by the synoptic scale flow, by splitting the flow in two components
and using scaling arguments. Within the framework of the Boussinesq hydrostatic
primitive equations without external forcing, they obtain a wave equation for the short
scale and fast part of the vertical velocity ww, forced by the large scale and slow part
of the flow. In Appendix E, we present the adaptation of this method to our anelastic
2D Eady problem, under the hydrostatic approximation. In our context, the forcing
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Fig. 4.14 – Total response to the forcing at t=45h for experiment P3 : a) zonal velocity, b)
meridional velocity, c) vertical velocity, d) potential temperature, e) geopotential perturba-
tion (or pressure) and f) PV anomaly.
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flow is the balanced flow U(z) + ub and the wave flow is the unbalanced flow uub. In
particular, we add the contribution of a general body force F = F ex + G ey, and we
assume that the horizontal scales of the balanced and unbalanced flow perturbations
are equal, consistently with observations. We obtain the following wave equation
[D2 + f 2] (
1
ρ0
(ρ0wub)z)z +N
2 wubxx ≈ SIGW , (4.17)
where D = ∂t + U∂x, and where SIGW is a forcing function of U(z) + ub. To the first
order, the forcing is found to reduce to
SIGW = −Λ2wbxx −DFxz + ΛFxx . (4.18)
This forcing was computed for experiment P3 at t=45h, and is shown after normali-
zation by N
2
L2
in Fig. 4.17. At this time, the terms linked to the force F in Eq. (4.18) are
null. Hence the IGWs are only forced by the balanced flow through the term −Λ2 wbxx,
which has a shape of butterfly centered around the steered PV dipole (in green). This
pattern is forcing a horizontal wave-vector component above and below the PV depo-
sit, which corresponds to the small scale IGW packets observed above and under the
PV in experiments P1 and P3. Moreover, in a qualitative purpose the Eq. (4.17) can
be approximated crudely above and under the PV anomaly, by neglecting the vertical
derivative term. This gives
wub ≈ − L
2
N2
SIGW ≈ L
2
Ri
wbxx ∼ −
1
Ri
wb = −Ro2wb . (4.19)
This indicates that the IGW part of w, that is approximately wub, must be in phase
opposition with SIGW or wb in these two areas. This property is indeed observed in
the Fig. 4.17 (violet contours for wub). More generally, it is the reason why the unba-
lanced surface flow is in phase opposition with the balance one in experiment P1. In
addition, the order of magnitude of the IGW response suggested by Eq. (4.19) corres-
ponds to wub ∼ −wb/6. This is in agreement with the ratio of magnitudes observed in
Figs. 4.14c and 4.15a, with wb approximately in the range [−0.002, 0.0008]m.s−1 and
wub approximately in the range [−0.0002, 0.0003]m.s−1.
It is remarkable that the dominant forcing term, −Λ2wbxx , is the semi-geostrophic
residual of the quasi-geostrophic Omega equation (see appendix D). This means that
the quasi-geostrophic balance cannot capture this forcing term, and underlines the
necessity of using a semi-geostrophic balance for this diagnosis.
Finally, the computation of the additional forcing term linked to the maximum
body force F applied beetween t = τ1 and t = τ1+T , that is −U Fxxz+ΛFxx, gives a
strong contribution ([−0.008; 0.0036]m.s−1) with a tripolar pattern, but which is only
concentrated near (x = 0; z = z∗). When following the time evolution, the picture
of SIGW described in Fig. 4.17 is very steady during the whole experiment, except
that the magnitude decreases slightly in the second half of the experiment. Also, the
butterfly pattern is progressively distorted in the end of the experiment, and advected
with the negative PV anomaly. During the whole experiment, the unbalanced vertical
velocity wub keeps very steadily connected to the forcing term SIGW near z∗, respecting
very well the relation wub∗SIGW < 0 in this area (except the very localized modulation
by the inertial oscillation).
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Fig. 4.17 – First order term of the IGW forcing function SIGW at t=45h for experiment P3,
normalized by N
2
L2 . The balanced vertical velocity (wb) contours [−8,−6,−4, 2, 4]∗10−4m.s−1
are superimposed in red (negative values dashed). The unbalanced vertical velocity (wub)
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contours ±0.02PVU are superimposed in green.
iii) Spontaneous generation of IGW by the balanced flow (P3b)
Note that at this stage, the separation summarized in Eq. (4.18) between the direct
forcing by the force and the undirect forcing through the balanced flow, does not
appear clearly in the Fig. 4.15. A way to better illustrate this conceptual separation
is to make the IGW generation longer after the explicit forcing by F . That is why we
now modify slightly P3 by reducing the shear to Λ = 2.10−3s−1, and describe this new
experiment called P3b in the rest of this section. Because of this modification, the two
PV anomalies will take a longer time to get far from each other, which will increase
the duration of the generation.
The Fig. 4.18a and b present respectively the total and unbalanced vertical velocity
at t=45h. Comparison with the Fig. 4.14c shows two differences. The first difference
is that the phase lines of the upper IGWs are clearly less vertically tilted than in P3,
which was naturally expected for IGWs propagating in a smaller shear. The second
difference is that the magnitude of the IGWs, and more generally the global magnitude,
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is weaker than in P3. The reasons can be listed this way : (i) the vertical non advective
PV flux is proportional to Λ, and hence the PV anomaly and the geostrophic fields
are also proportional to Λ while the ageostrophic fields wb and ub are proportional to
Λ2 (see appendix D, and notably the Omega equation), (ii) the position of the two
PV anomalies one relative to the other is different in P3 and P3b for the same date
because the advection is different, and (iii) SIGW is proportional to Λ2 and to wb.
The Fig. 4.19a presents the Hovmuller diagram of the vertical velocity in P3b, for
a horizontal section at 20km, and should be compared to the Fig. 4.15a. This diagram
corroborate the two differences described previously. In addition, the generation conti-
nues very steadily more than 80hrs, as expected. Furthermore, we see that at this level
the IGWs are not modulated any more by the inertial oscillation, contrary to what is
observed in P3.
Finally, to leave no ambiguity about the fact that the IGWs are generated by the
balanced flow, we proceed with a last experiment. The force is removed such that
there is no forcing in the problem. But now the flow is initialized by the balanced
perturbation flow obtained in P3b at t=40h. The Hovmuller diagram of the vertical
velocity at z=20km is shown in the Fig. 4.19b for comparison. It can be seen that after
a short adjustment stage in the first hours, the IGWs generation settles again, with
approximately the same magnitude.
Fig. 4.18 – Response to the force at t=45h for experiment P3b : a) total vertical velocity,
b) unbalanced vertical velocity. The PV dipole is localized by its contours ±0.02PVU.
Consequently, we conclude that the forcing term −Λ2wbxx given in Eq. (4.18) can
be considered as the essential cause of generation of the small scale upper and lower
IGWs packets observed in Figs. 4.14c and 4.15 for the overall experiment, as well as
more generally in all the experiments of this chapter. We note that the process is more
efficient in a strongly sheared background wind. The fact that the forcing is simply
proportional to −wbxx confirms that the mechanism is linked to the production of
rather small horizontal scales by the juxtaposition of PV anomalies of opposite signs.
This results in small lagrangian time scales in the vertical motion above and below the
PV dipole, where the background flow is large enough. Thus, the perturbation flow
linked to the PV is connected to IGWs near their inertial critical level, that is where
the inertial frequency of the waves is of order f .
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Fig. 4.19 – Hovmuller diagram of the vertical velocity for a horizontal section at the level
Zs=19980m : a) experiment P3b, b) experiment initialized by the balanced flow of P3b at
t=40h, that is the date of the end of the force.
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4.3 Large scale response to short scale orography
In this section, the background wind of Eq. (4.1) is submitted to an idealized
orographic profile h that represents the small scale orographic variance of an isolated
gaussian mountain. This profile is made of around 10 parallel ridges of width λw and
maximum height 2H0,
h(x, t) = s(t)H0 e
{− x2
L2
} cos
(
2pix
λw
)
, (4.20)
and is modulated by the same function s(t) defined in Eq. (4.3). The surface boundary
condition is linear :
w(x, z = 0, t) = U0.∂xh(x, t) (4.21)
In this context, we do not have to prescribe any parameterized force. By filtering the
equations of motion given in appendix A (Eqs. (4.34)-(4.35)) with the same low-pass
filter as in section 4.2.3 (symbol < >)4, we obtain a system governing the large scale
flow (uL, θL) = (< u >,< θ >). In this system, the short scale flow uS = u−uL enters
into account by the large scale mean of the nonlinear short scale advective terms, which
gives rise to a force upon the large scales :
F =< −(uS∇)uS > . (4.22)
We neglect the heating term < −(uS∇) θS > since it is weak for short GWs. Note
that by introducing also the large scale nonlinear advective term −(uL∇)uL in the
definition F , our problem can now be thought in terms of the linear response to a
given dynamical large scale forcing. Actually, in our case this choice will not be crucial
because the large scale flow is generally weak enough to be neglectable in F .
4.3.1 Large scale response to a tiny mountain (M1)
Now we define a reference experiment called M1, from which we will start a series
of sensitivity tests and comparisons with experiment P1. All the physical parameters
of M1 are the same as in P1, except that the force is replaced by the mountain of
Eq. (4.20) where
H0 = 15 m, L = 100 km, and λw = 25 km. (4.23)
The experimental setup is identical to the one of experiment P1, except for some pa-
rameters summarized in table 4.1. Notably, because we need now to resolve the short
mountain GWs dynamics with the same CPU time constraint, we reduce the total
domain length to 2LD=2pi*170km and remove the lateral sponge layers. Consequently,
we must reduce the duration of the experiment in order to limit the effects of the per-
iodical horizontal boundary conditions. Note that raising and then lowering smoothly
the mountain is not realistic, but in the context of our model, it is a simple way to
take into account that in reality the baroclinic front impinging on the mountain has a
limited extent.
To damp correctly the short scale mountain GWs where they reach their critical
level, we need to increase slightly the diffusivity as regard to the experiments P. It
4We use the same wavenumber cut-off k = 30, now keeping wavelengths larger than 40km.
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is set to µ = 0.15 m2s−1. In such conditions, the viscous scale lµ of the critical level
interaction, defined by Hazel (1967), is
lµ =
[
µλw
ρ0 2piΛ
]1/3
∼ 56m. (4.24)
This gives an indication for the vertical resolution needed to resolve the critical level
interaction of the short scale mountain GWs near z∗ (see appendix E).
i) Short scale flow
The total perturbation flow response is shown in Fig. 4.20 at t=22h, with the profile
of the mountain as a reference (which was artificially elevated to 1000m for visibility).
We also show in Fig. 4.21a the small scale contribution F zS to the total vertical EP
flux F z at t=22h, computed by
F zS = ρ0
[
f
θ0z
vSθS − uSwS
]
, (4.25)
and carried by the wavelengths smaller than 80km.
The flow is dominated by the small scale GWs generated by the small scale orogra-
phy, with an amplitude reaching nearly 0.5-1m.s−1 for u and v, 0.2K for θ and 0.05m.s−1
for w. The phase lines are tilted upwind, and tend to become more and more horizon-
tal when approaching the critical level z∗ = 3.5km, since the ratio between vertical
and horizontal group velocity must vanish at the critical level. The amplitude of w
decreases with height, whereas on the contrary the amplitudes of u, v, and θ increase
with height, to maintain a vertical EP flux constant with height under the critical
level. Note that the latter is not rigorously constant (Fig. 4.21a). Before the decrease
in amplitude near the critical level, there is a rapid increase because of the existence
of an inertial critical level slightly underneath. This could be eliminated by taking
shorter mountain GWs. Above the critical level, the mountain waves and the flux are
almost null. We also notice that at the date t=22h, the meridional velocity has a bla-
tant negative horizontal mean (Fig. 4.20b), which is the large scale southward jet in
response to the GWs.
As reminded in Appendix C, the vertical divergence of the EP flux F z can be in
general interpreted as a force acting upon the transform eulerian mean of the zonal
flow u. Similarly, here ∂zF
z
S can be related to the force acting upon the large scale
zonal flow uL, that is F . This zonal force F is computed from Eq. (4.22), and shown in
Fig. 4.21b at t=22h, which is the date when it is maximum. Both pictures in Fig. 4.21
agree to indicate a positive force localized just under the critical level, approximately
between z=3.2 to 3.4km. The amplitude of the force is 2.8.10−5m−1.s−2 (Fig. 4.21b),
which is of the same order as in experiment P1 (pi.10−5). And the force is embeded over
the mountain, with a horizontal width shorter than the mountain width because the
relation between F and h is quadratic. This point was taken into account in Eq. (4.2).
Actually, the profile of F zS also agrees quantitatively with F . The maximum vertical
derivative of F zS is evaluated to 3.0.10
−4kg.m−1.s−2 To compare ∂zF zS to F , the flux
must be renormalized to take into account that the effective area occupied by the short
mountain GWs is not the entire domain but a horizontal column of approximate width
LF ∼ L ∼100km, as illustrated by F in Fig. 4.21b. This yields
1
ρ0(z∗)
∂zF˜
z
S =
1
ρ0(z∗)
2LD
LF
∂zF
z
S ≈ 3.6.10−5m−1.s−2. (4.26)
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Fig. 4.20 – Total response to the orography at t=22h for experiment M1 : a) zonal velocity,
b) meridional velocity, c) vertical velocity and d) potential temperature. The mountain height
is not true but artificially elevated to 1000m for visibility.
Note that this last comparison can be used as a method to tune the value of LF , and
more generally to build the profile of the parameterized force in P1 (Chen et al. 2007).
Noteworthy, the forcing zone is thinner than in the parameterized form of expe-
riment P1 (Eq. (4.5)). In particular, it is not significant higher than z∗. This is a
consequence of using a 2D mountain. This generates only zonally propagating moun-
tain waves which must all break near and under z∗. Note that the thickness of this
force can be increased by increasing artificially the diffusivity. In the more realistic case
of a 3D isolated mountain and a background wind turning with height, there exist an
ensemble of directional critical levels that distribute vertically the force more smoothly
(Shutts 1995, Martin and Lott 2007). That is the reason why the parameterized force
was chosen slightly thicker in the experiments P. Notably, in experiments P the force
is significant at the height z∗, which gives a higher positive PV anomaly. Because of
that, the form of the PV dipole will evoluate slightly differently in M than in P.
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Fig. 4.21 – a) Horizontal mean of the vertical EP flux carried by the small scales F zS
(λ < 80km), at t=22h, for experiment M1. The two contributions are shown in green and
blue (Eq. (4.25)). b) Zonal forcing term of the large scale dynamics, F = − < uS.∇uS >,
for experiment M1 at t=22h.
ii) Large scale flow
Now that we have shown that the force upon the large scales was very close to
the parameterized force in experiment P1, we analyse and compare the large scale
response. The total large scale flow is shown at t=45h in Fig. 4.22, 5h after the complete
end of the forcing, and Hovmuller diagrams are given in Fig. 4.23. Comparison with
the Figs. 4.6 and 4.9 shows that the process was rather correctly parameterized in
experiment P1. Not only the main qualitative features observed in P1 are recovered in
M1, but also the magnitudes are of the same order., though smaller by a factor near
2.
We note nevertheless several important differences. First, all the fields are globally
smaller than in P1 by a factor 2. Second, the positive PV anomaly is more horizontal
(pay attention nevertheless to the horizontal domain which is smaller), because the
advection by the vertical velocity is weaker. And the PV lobes are slightly shorter in the
horizontal, and thinner in the vertical. Third, the surface Eady wave is proportionally
less developped compared to the whole response, and the near geostrophic fields v and
θ are embedded in a horizontal layer that is thinner than in P1.
Essentially two reasons can account for these differences. The first is physical :
the actual force F has a thinner vertical profile than the parameterized force in P1.
The second is numerical : the computional horizontal domain is highly reduced in
M1 compared to P1 and the lateral damping layers have been removed. This second
reason is believed to have the greatest impact. Indeed, by preventing the larger scales
to arise in the signal, it reduces the magnitude of the whole response, and especially the
surface Eady wave which is a very large scale feature. In addition, the periodical lateral
boundaries have now a visible impact on the Eady wave, which is also developped in
the upslope side of the mountain.
The weakness of the Eady wave is also clearly visible in the surface Hovmuller
diagram of u in Fig. 4.23b (and φ, not shown), where it appears mixed with an IGW
packet generated by the same process than above the PV, propagating eastward like
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Fig. 4.22 – Total large scale response to the orography at t=45h for experiment M1 : a) zonal
velocity, b) meridional velocity, c) vertical velocity, d) potential temperature, e) geopotential
perturbation (or pressure) and f) PV anomaly.
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in experiments P. These lower IGW packets are less so visible at the end of the expe-
riment, when the balanced response becomes substantial.
To complete the comparison with experiment P1, we present the energy budget
diagnoses for M1. The vertical EP flux carried by the large scales (λ < 80km), avera-
ged over an inertial period from t=37 to 50h, that is essentially after the end of the
mountain forcing, is shown in Fig. 4.24. Note that from t=40hHence, there is no more
EP flux carried by the short scales, because there are no more short scale mountain
GWs in the flow. The flux is only significant near the PV, but it almost vanishes below.
This confirms that the mechanism is the same as in P1, but that the surface Eady
wave is largely weaker in M1.
The time evolution of the perturbation energy and its components is shown in Fig. 4.25a.
The energy curves ressemble very much those of P1 in Fig. 4.7, for the corresponding
domain of time, except a delay of about 5h which is due to the spin-up of the force.
Notably, the unbalanced flow is naturally faster than the balanced flow to settle in
response to the forcing. This was not the case in Lott (2003) because the forcing was
taking part to the balance (his Fig. 10). Nevertheless, the orders of magnitude of the
energy is around 5 times smaller here than in P1, which is notably due to the weakness
of the surface Eady wave.
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Fig. 4.23 – Hovmuller diagrams for experiment M1, for horizontal sections of the large scale
flow at the level Zs=20060m in a), c) and Zs=0m in b), d) : a) and b) zonal velocity, c)
vertical velocity and d) meridional velocity.
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Increasing the height of the critical level for the mountain GWs was also found to
give results ressembling those of P3. But the question remains to study the relationship
between the height of the mountain and the resulting force applied to the large scale
flow by the GWs. The next section is dedicated to this question.
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Fig. 4.24 – Vertical EP fluxes carried by the large scales (λ < 80km), and averaged in time
within one inertial period, between t=37h and t=50h (thick lines), for experiment M1.
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4.3.2 Nonlinear saturation for higher mountains
In this section, we study the sensitivity of the problem to the height of the mountain
H0, looking for the level at which nonlinear behaviour starts to modify the behaviour
of experiment M1. We define an experiment called M2, which is the same experiment
as M1 except : (i) the short wave critical level is raised to z∗ = 5km by imposing
the surface wind U0 = −20m.s−1, (ii) the characteristic half width of the mountain is
slightly reduced to L = 75km, and (iii) the spin-up parameters are τ1 = 15h, T = ∞
(the orography is never removed). M2 is repeated for increasing values of H0, from
15m to 250m, high mountains being prohibited by the loss of numerical stability.
The energy budget for H0=15m is given in Fig. 4.25b for comparison with M1, in
which the time evolution of the forcing was more complex. Here, the mountain is raised
more slowly and remains until the end. The energies reached are then globally smaller
than in M1 during the start-up stage. But they are comparable at the end, because
the mountain is continously forcing the atmosphere until the end in M1. Notably, the
growth of the balanced energy is linear in the last 15 hours, which likely indicates a
resonance between the PV and a surface Eady wave.
The Fig. 4.26 presents the evolution of the drag exerted by the mountain GWs
(a), and the associated inflow zonal force (b and c), versus H0. To measure the drag,
we average in time the short scale EP flux |F zS | between t=8h and t=30h, and take
minus the minimum value of the profile, after smoothing over a window of 75m, and
renormalizing by L
2LD
4NU0H20
λw
. The force is measured as the maximum vertical diver-
gence of the smoothed F zS , and after smoothing once again over a window of 75m. The
Fig. 4.26a shows that the normalized drag seems to be optimal for an intermediate
half-height ofH0=50. After this value the normalized drag starts to decrease because of
the nonlinear saturation of the critical level interaction. Meanwhile, the corresponding
normalized force also decreases. Note that the force does not increase when the drag
increases. The reason is that the critical layer, where the EP is absorpted, is becoming
thicker and thicker, which increases the vertical depth of the momentum deposit, but
reduces the maximum magnitude of the force. We notice incidentally in Fig. 4.26c that
the normalized force seems to follow a law in 1/H0.
These results can be better understood by introducing the nonlinear scale lN (Lott
and Teitelbaum 1992), which caracterizes the distance from z∗ under which the critical
level dynamics is nonlinear :
lN =
[
NU0H
2
0
Λ2
]1/3
. (4.27)
This length should be compared to the viscous scale lµ defined in Eq. (4.24), which
amounts to lµ ∼ 89m for M2. For H0 = 50m (respectively 75m), we obtain lN = 85m
(respectively 98m). This explains that the nonlinear behaviour starts to be efficient
for half-heights larger than H0 = 50m, that is for mountains higher than 100m.
To better understand the nonlinear behaviour, we describe briefly what happens for
H0 = 150m. The time average of the small scale vertical EP flux is shown in Fig. 4.27
(thick lines), together with the profiles at each hour of the simulation (thin lines). In the
first hours, the profile is smooth and regular, and tend to settle as the expected nearly
monotonous profile found in Fig. 4.21. But it never reaches this expected profile, and
from t=6h it starts to oscillate in a way that seems rather chaotic, changing drastically
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its shape at each hour. Noteworthy, the global time average EP flux seems correct
because monotonous and nearly constant under z=3km. But its magnitude is around
-0.025 kg.m−1.s−2 near the surface, that is only 60 times larger than in M1 (Fig. 4.21),
whereas the height was multiplied by 10 and the EP flux should be quadratic in H0.
Therefore, the process is loosing its efficiency for such a small mountain (2H0=300m).
This behaviour of the small scale EP flux follows that the GWs experience strong and
repeated reflections at the critical level z∗ and at the surface (Lott 2003).
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Fig. 4.27 – Horizontal mean of the vertical EP fluxes carried by the small scales (λ < 80km)
at each hour (thin lines), and averaged in time between t=1h and t=30h (thick lines), for
experiment M2 (H0 = 150m). Note that the total EP flux is always in black, except in the
mean profile where it is red for clarity.
Nevertheless, we know from the section 4.2.2 that, if the force is increased by a
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factor 60 from the value in Fig. 4.21b (2.8.10−5), the effect of the PV deposit should be
nonlinear as in P2. This is confirmed by the Figs. 4.28 and 4.29, which show respectively
the total large scale response at t=20h, and the Hovmuller diagrams of its sections at
z≈20km. The PV anomalies are seriously disturbed by local instabilities (Fig. 4.28f),
while the IGWs generated are significantly more intense (w ∼ 0.05m.s−1) and shorter
(100 to 200km) than in M1. Their phase velocity is also larger, around 6-7m.s−1,
corresponding to a critical level around z=3250-3500m. Because of this fast velocity,
the IGWs tend to escape from the mountain and travel a significant distance. Finally,
the surface pressure perturbation reaches around 25Pa, which is now significant but
still weak.
4.4 Conclusion
In this chapter, we have applied the same 2D model as in the previous chapter, to
study the subsynoptic scale response of an Eady background shear flow to an horizon-
tal body force localized in space and time. In the first part, the force is parameterized
and designed to represent the effect of the short scale orographic variance of an isolated
mountain, when the short mountain GWs break at a critical level. In the second part,
the force is directly resolved by the model in the presence of an idealized mountain.
For both forcing methods, we obtain similar polychromatic linear responses, in
which we identify three components. The first component is an inertial oscillation
which stays embeded in the forcing area, and does not influence neither the surface nor
the upper atmosphere. It is due to the temporal spectrum of the force applied, which
always contains some energy near the inertial frequency. The two other components are
directly related to the PV dipole induced by the force and steered by the background
shear. In this 2D problem, only the vertical component of the non advective PV flux is
relevant, and it points upward. This induces a positive PV anomaly above a negative
one, the latter moving faster away from the mountain (Fig. 4.2). Therefore, from the
standpoint of the surface or the tropopause, the PV dipole is approximately seen as a
horizontal juxtaposition of opposite anomalies.
The second component of the linear response is observed in the larger scales, and
was diagnosed as a non-geostrophic unstable Eady mode ressembling those studied in
the previous chapter. We show that if the PV dipole is close enough to the surface,
it induces a surface Eady wave which propagates, starting with a cold high pressure
anomaly in the lee of the mountain (Figs. 4.3, 4.4 and 4.9d,e,f). In terms of lee cyclo-
genesis, this means that in this 2D context the primary effect of the force is cyclolytic.
Nevertheless, this effect is weak, notably because it is reduced by the unbalanced com-
ponent of the response. Also, the development of the lee wave is accelerated by the
unbalanced flow. And the surface wave goes on interacting with the flow near the for-
cing area even after that the force is removed. An unstable coupling settles, analogous
to the one observed in the non geostrophic unstable Eady modes, dominated by the
meridional heat flux (Figs. 4.7-4.8). But the associated growth is rather rapid, accele-
rated by the presence of the advected PV near the steering level of the surface wave.
Above the PV, a weak IGW of the same scale as the surface wave develops, with the
correct phase lag (Fig. 4.6c).
The third component of the linear response dominates the small scales of the signal.
It was diagnosed as a spontaneous secondary generation by the PV dipole, above and
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below itself, of IGW packets having approximately the same horizontal scale than the
force (Figs. 4.6c and 4.9a,b,c). These IGWs are substantially more intense than the
previous very large scale IGW associated to the non-geostrophic unstable modes. And
their horizontal scale and phase velocity indicate that they are directly coupled with
the PV rather than with the surface Eady wave. This was confirmed by raising the
force in the high troposphere, such that the surface Eady wave is neglectable in front
of these IGW packets (Figs. 4.14c and 4.15). Moreover, they are in phase opposition
with the local balanced flow near the PV. Because of that, they reduce the amplitude
of the balance surface Eady wave, and hence the cyclolytic impact.
This latter mechanism of IGW secondary generation relies on the production of a
PV dipole. The fact that the PV anomalies are localized approximately side by side
rather than one above the other, because they have been shifted by the background
shear, seems to be favorable. The peculiar associated balanced circulation is far from
geostrophy, because rather small horizontal scales exist near the dipole. Thus, this
balanced flow is naturally coupled to IGWs which have a horizontal scale comparable
to the scale of the PV anomalies. This interpretation is supported by the diagnosis of
the IGWs forcing function (Fig. 4.17), adapting the method proposed by Plougonven
and Zhang (2007). This diagnosis allowed to account aproximately for the observed
magnitude ratio between the IGWs and the balanced flow, which was found to satisfy
approximately ww ∼ L2Ri wbxx ∼ −
1
Ri wb ∼ −Ro
2wb . In this regard, there is a simi-
larity between this generation process and the large scale IGWs generation by nearly
balanced jets and fronts, when small spatial scales and small lagrangian timescales
are produced by the natural breakdown of balance (Snyder et al. 1993, O’Sullivan
and Dunkerton 1995, Zhang 2004, Plougonven and Snyder 2007). Of course, the pro-
cess that builds the PV dipole in our problem is not completely balanced before the
begining of the IGWs generation process. But the generation is sustained steadily for
several inertial periods, and well after the extinction of the body force. Moreover, these
IGWs are also generated when initializing the perturbation flow with the balanced flow
associated to the PV dipole. Snyder et al. (2007) have studied a problem that has some
similarity, in which IGWs are generated by a dipole of 3D vortices initially totally ba-
lanced, which moves slowly at the surface. We have also carried on a somewhat similar
experiment, initializing the flow with the balanced flow inverted from an idealized PV
dipole ressembling the one of Fig. 4.2. The IGWs generation was also observed.
Noteworthy, the PV dipole is advected and can behave as a moving source of IGWs
thanks to this mechanism. Therefore, it is a way for mountains to generate IGWs at
a long distance. Moreover, this generation process does not seem to be exclusively
owing to the presence of critical level absorption of mountain GWs. It should appear
more generally as soon as a local body force is exerted upon a background shear flow,
producing PV anomalies which are shifted one as regards to the other. In particular,
the force can be owing to overturning breaking mountain GWs. More generally, it
might also work in case of weak background shear, if any kind of low level orographic
process produces dipolar PV banners so elongated that they are quasi 2D. In this
regard, the small scale of the primary PV banners observed during the MAP campaign
(Scha¨r et al 2003, Flammant et al 2004) might produce intense IGWs. Finally, another
efficient process to produce two side by side PV anomalies of opposite signs, is to
apply a body force perpendicular to the background wind, F = G ey, because in this
case the horizontal non advective PV flux JNx = −Gθ0z ex dominates the PV budget.
This happens notably when mountain GWs are absorpted by directional critical levels
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Fig. 4.28 – Total large scale response to the orography at t=20h for experiment M2 (H0 =
150m) : a) zonal velocity, b) meridional velocity, c) vertical velocity, d) potential temperature,
e) geopotential perturbation and f) PV anomaly.
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(Shutts 1995, Martin and Lott 2007). Some of these different situations can be studied
easily within the present 2D model. Such experiments might also help to elucidate
further the intermitency observed here in the IGWs generation.
Because of the peculiarity of the Eady
model which requires a uniform shear
over the entire domain, the IGWs obser-
ved here have almost vertical phase lines,
which is not really realistic given the large
horizontal scale of these waves. The use of
a Rayleigh-Drazin type wind profile might
help to obtain more horizontal group velo-
cities, by chosing a shear layer of moderate
depth. For such a background wind never-
theless, the hypothesis of a 2D flow is not
sustainable any more in the presence of
rotation, because of the existence of a non
uniform meridional potential temperature
gradient (Appendix A). Note that the in-
clusion of a stratosphere should also force
the energy to propagate vertically, by re-
fracting the waves.
When the response is nonlinear, that
is for a stronger body force or for hi-
gher mountains, intense shear-generated
IGWs appear and dominate the signal,
because of the small scale instabilities of
the layer distorted by the strong PV ano-
malies (Fig. 4.11). These short IGWs can
almost dominate the surface Eady wave
in amplitude (Figs. 4.12, 4.13, 4.28 and
4.29). In this context, the surface signal
can be increased locally, but it is difficult
to draw a general rule of thumbs concer-
ning the impact in terms of lee cyclogene-
sis. This highly depends on the structure
of these IGWs. Nevertheless, for the same
reason, that is the breakdown of the ne-
gative PV anomaly, the magnitudes found
for the surface Eady wave as well as for
the IGWs do not increase linearly with the
magnitude of the force. This is a first satu-
ration process for the forcing of the surface
Eady wave. Note that it is for the same
physical reason that non-geostrophic uns-
table Eady modes cannot reach very large
magnitudes, that is because of the break-
down of their critical layer, as shown in
the previous chapter.
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Fig. 4.29 – Hovmuller diagrams for expe-
riment M2 (H0 = 150m), for horizontal sec-
tions of the large scale flow at the level
Zs=20060m : a) zonal velocity, b) vertical
velocity and c) potential temperature.
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Finally, the direct simulation of the short mountain GWs has shown that the non-
linearity of the critical level interaction, in the presence of a complex orography with
several ridges, implies a saturation of the body force itself even for relatively small
mountains. This is a second saturation process for the surface response. Nevertheless,
it is likely that this saturation mechanism appears for higher mountains in the case
of a 3D orographic profile, because the GWs can radiate in the meridional direction.
More generally, the orographic spectrum chosen here is rather sharp. Real orographic
spectra and directional windshear result in a smoothing of the singularity at the criti-
cal levels. This might allow forces stronger than in our simulations, and within deeper
layers. High resolution 3D simulations are necessary to assess these points. Neverthe-
less, combining both of the nonlinear saturation mechanisms described here, namely
the critical level interaction and the small scale shear and convective instabilities, we
find unlikely to get responses of magnitude larger than w ∼ 0.1m.s−1 and p ∼ 1mb.
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Appendix
A. Model Equations
We choose the 2D rotating anelastic system in the f-plane, in which we divide
the total flow u˜ into (i) a linear background wind U(z) = U(z) ex + V0 ey where
U(z) = U0 + Λz, and (ii) a perturbation u(x, z, t) :
u˜ = U(z) + u(x, z, t) where u = (u, v, w). (4.28)
The total potential temperature field can be defined as the sum of (i) a hydrostatic
reference state profile θ0(z), (ii) a background state Θ(y, z) in thermal wind balance
with U(z), (iii) a local drift θd(y, z, t) = −V0Θy . t caused by advection by the meri-
dional background wind V0, and (iv) a perturbation θ(x, z, t) corresponding to the flow
perturbation u(x, z, t) :
θ˜ = θ0(z) + Θ(y, z) + θd(y, z, t) + θ(x, z, t). (4.29)
We use the approximation of Lipps and Hemler (1982) to write the pressure force with
the use of a geopotential φ˜ in the form −∇φ˜. This approximation allows the anelastic
system to conserve total energy. As for θ˜ we separate φ˜ into the corresponding three
parts :
φ˜ = φ0(z) + Φ(y, z) + φ(x, z, t). (4.30)
Anywhere in the paper, the subscripts x, y and z denote the corresponding spatial
derivative. The 2D incompressibility is written for the perturbation, considering a
hydrostatic reference state density ρ0(z) :
∇· (ρ0u) = ∂x(ρ0u) + ∂z(ρ0w) = 0, (4.31)
which allows to define a streamfunction ψ(x, z, t) associated to (u, w) by
ρ0(u ex + w ez) = ey ×∇ψ , that is u = 1
ρ0
∂ψ
∂z
and w = − 1
ρ0
∂ψ
∂x
. (4.32)
The hydrostatic reference state (θ0(z), φ0(z), ρ0(z)) is determined by imposing a constant
Brunt-Vaisalla frequency N, where N2 = g
θ0(z)
dθ0
dz
, which is equivalent to consider an
isothermal atmosphere at rest5.
The background wind is required to be geostrophic, fez ∧U+∇Φ = 0, therefore the
background thermal-wind balance can be integrated into :
Θ(y, z) = −fθ0(z)Λ
g
.y (4.33)
In Eq. (4.33), g and f are respectively the gravity constant and Coriolis parameter.
In this framework, the momentum equation and the thermodynamic equation that
govern the evolution of the perturbation can be written respectively in the following
way, separating the linear (left hand) and nonlinear (right hand) terms, and adding
diffusion terms and arbitrary forcings F and H :
(∂t + U∂x)u+ Λwex + fez × u+∇φ− g θ
θ0
ez = −(u∇)u+ 1
ρ0
∇(µ∇u) +F (4.34)
(∂t + U∂x)θ + vΘy + w θ0z = −(u∇)θ + 1
ρ0
∇(κ∇θ) + H˙ (4.35)
5Actually, under this strong approximation, the anelastic system is equivalent to the non hydro-
static primitive equations system in log-pressure coordinates.
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In Eq. (4.35) we have neglected the term wΘz as regards to wθ0z in order not to break
the two-dimensionality of the system. Indeed, this way there is no dependence on y in
Eqs. (4.34)-(4.35), whereas Θz = −fg dθ0(z)dz Λ.y introduces a small dependence in y. This
approximation is valid if θ0z ≫ |Θz|, that is if y ≪ gfΛ ∼ 10000km taking f ∼ 10−4 s−1
and Λ ∼ 10−2 s−1, which is largely verified for any kind of 2D mountain on Earth. Note
that this approximation can be avoided by choosing a shear that satisfies θ0(z).Λ(z) =
constant, which differs only by 10% from the constant shear for a domain 20km high.
We did not do that choice in order to compare strictly to the other studies of constant
shear unstable NG modes.
Note also that in Eq. (4.35), θd does not appear by definition. Indeed, this term only
represent a horizontally uniform potential temperature advection, which essentially
modifies the stratification. Therefore, it is possible to neglect this modification within
a time satisfying the approximate condition t≪ td = θ0zV0Θyz =
g
fV0Λ
∼ 280 hours taking
V0 ∼ 10ms−1. The advantage of this formulation is that we can state that within a
time t < td, the evolution of the flow perturbation will be qualitatively the same for
any kind of veering background wind with uniform shear as for the unidirectionnal
case V0 = 0, which is not very realistic.
Finally, the upper and lower boundary conditions imposed are free slip and rigid.
Notably, we apply a linear lower boundary condition if there is a topography h(x) :
w(x, z = 0) = U(z = 0).∇h(x). (4.36)
B. Energy budget
The energy budget associated to this model is obtained from the combination
ρ0(z)(u∗ (4.34) + g2θ20(z)N2 θ∗ (4.35)) and using the continuity Eq. (4.31), to form what
can be seen as the the local perturbation energy6
e =
ρ0
2
(
u2 + v2 + w2 +
1
2
g2
θ20N
2
θ2
)
. (4.37)
After integrating over the entire domain and removing the vanishing terms because of
periodicity, it remains a tendency budget of the form :
d
dt
∫ ZT
0
∫ LD
−LD
e dzdx =
∫ ZT
0
∫ LD
−LD
ρ0
[
Λf
θ0z
vθ − Λ uw − u(u∇)u− g
2
θ20N
2
θ(u∇)θ (4.38)
+
1
ρ0
u∇(µ∇u) + g
2
ρ0θ
2
0N
2
θ∇(κ∇θ) + u.F + g
2
θ20N
2
θH˙
]
dzdx
When studying the large scale energy budget, we replace in Eqs. (4.37)-(4.38) the
fields (u, θ) by their large scale part after filtering (<u>,<θ>), except in the advec-
tive tendencies where (u∇)u and (u∇)θ are replaced by <(u∇)u> and <(u∇)θ>.
Accordingly, for the large scales these averadge advective terms act as forcing terms
similar to the last two terms of Eq. (4.38).
6More precisely, this quadratic quantity is a usefull norm that represents the leading order approxi-
mation of the perturbation pseudoenergy relative to the background state (Scinocca and Shepherd,
1992). For very large perturbations, this cannot be strictly taken as the energy of the perturbation.
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C. Transformed Eulerian Mean equations and Eliassen-Palm
flux
To study the forcing of the large scales by the small scale waves, it is generally more
adapted to use a transformed Eulerian Mean (TEM) of the equations of the large scale
flow (Andrews and McIntyre, 1976). By applying a zonal mean operator (x¯) to the
Eqs. (4.34)-(4.35), and introducing the continuity Eq. (4.31), we get the large scale
flow equations. Then, we introduce the residual mean circulation for this 2D problem
(v∗;w∗) =
(
v − 1
ρ0
∂z
(
ρ0 vθ/θ0z
)
;w
)
, (4.39)
and obtain the TEM momentum equations
∂t u− f v∗ = − 1
ρ0
∂z
(
ρ0 uw − ρ0 f vθ
θ0z
)
+
1
ρ0
∂zµ∂zu (4.40)
∂t v∗ + f u = − 1
ρ0
∂z
(
ρ0 vw + ∂t
(
ρ0
vθ
θ0z
))
+
1
ρ0
∂zµ∂zv (4.41)
∂t θ +Θy v∗ = − 1
ρ0
∂z
(
ρ0 θw +Θy ρ0
vθ
θ0z
)
+
1
ρ0
∂zκ∂zθ . (4.42)
Note that usually, only the departures x′ from the zonal mean flow variables x¯ are
used in the right hand quadratic terms of Eqs.(4.39)-(4.42), because the contribution
of the mean is negligeable. But we prefer this formulation here because the vertical
Eliassen-Palm (EP) flux
F z = ρ0
[
f
θ0z
vθ − uw
]
(4.43)
appears directly in the perturbation energy budget. Indeed, the first two terms in the
right hand of Eq. (4.38) are exactly proportional to the vertical integral of F z because
the shear is constant. Therefore, in our context F z represents not only the EP flux
the vertical divergence of whom is the zonal force exerted by the waves on the zonal
mean flow, but also the vertical distribution of the lowest order non diffusive energy
tendency terms, which describe respectively the exchange of potential (vθ) and kinetic
(uw) energy with the background flow. Finally, the EP flux F z can also be used as
an action flux. But we do not do so in this study, because in our context the action
cannot be defined as a one-signed quantity (Andrews, 1987), which limits the potential
benefits in terms of wave generation interpretation.
D. Balanced equations system
We use a linear semi-geostrophic balance adapted from Martin and Lott (2007) for
the anelastic context. In the 2D context, the only geostrophic component of the wind
perturbation is vb ≡ ∂xφb/f (−∂yφb/f = 0), and the forced balanced equations reduce
to
Λwb − fv + ∂xφb = F (a)
(∂t +U∇) vb + fub = G (b)
∂zφb = gθb/θ0 (c)
(∂t +U∇) θb +Θy v + θ0z wb = H˙ (d)
∂x(ρ0ub) + ∂z(ρ0wb) = 0 (e) ,
(4.44)
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in which we have introduced a meridional force G and a heating term H for generality.
From the system of Eqs. (4.44), we form the linearized budget of the PV disturbance
q. For this, we calculate ∇∧ ((4.44a),(4.44b),(4.44c)) .(0,Θy, θ0z)− θ0zR−1i ∂x(4.44b)+
f∂z(4.44d), and use Eq. (4.33), which yields after neglecting the small terms :
(∂t +U∇) ρ0q +∇.JN = 0 , where (4.45)
ρ0 q = θ0z(1− Ri−1) vbx + fθbz , and (4.46)
JN = − θ0z (1− Ri−1)G ex −Θy F ez . (4.47)
In Eqs. (4.45) and (4.47), JN is the non-advective PV flux.
Using the geostrophic equilibrium for vb and the hydrostasy, we obtain the link
between the PV perturbation and the geopotential perturbation,
ρ0g
fθ0
q = φbzz +
N2
f 2
(1− Ri−1)φbxx (4.48)
which can be inverted to find a particular solution φp that vanishes at the lower and
upper boundaries. The total geopotential perturbation is then found by adding two
Eady edge waves for the surface and the top of the model (this one is neglectable here
because the top is very high, ztop=40km),
φb(x, z, t) = φp(x, z, t) + φ0s(x, t)e
−λz + φ0t(x, t)e+λ(z−ztop) , (4.49)
and applying the thermodynamic Eq. (4.44d) at the two boundaries. The use of these
boundary conditions to compute the evolution of the edge waves is described in more
details in Martin and Lott (2007).
Using the same method as for the total perturbation, we derive a balanced energy
budget similar to the previous one for the balanced perturbation, whose energy is now
reduced to the geostrophically and hydrostatically balanced fields :
eg =
ρ0
2
(
v2b +
g2
θ20N
2
θ2b
)
. (4.50)
Note that in Eq. (4.50), eg is only the energy of the geostrophic flow, but not of the
complete balanced flow. To be consistent with this, we do not define an unbalanced
energy, but a non geostrophic energy, by :
eng =
ρ0
2
(
u2 + v2ub + w
2 +
g2
θ20N
2
θ2ub
)
. (4.51)
We then form the Omega equation by g
fθ0
∂x(4.44d) -∂z(4.44b)+(4.44e), which yields
(
1
ρ0
(ρ0wb)z
)
z
+
N2
f 2
(1− Ri−1)wbxx = 2
Λ
f
vbxx −
Λ
f 2
Fxx − 1
f
Gxz + g
f 2θ0
H˙xx. (4.52)
Finally, the ageostrophic fields wb and ub are obtained by inversion of the Omega
equation and using the continuity Eq. (4.44e).
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E. Spontaneous IGW generation forced by the balanced flow
In the following, we adapt the method of Plougonven and Zhang (2007) to our
anelastic 2D Eady problem in the presence of external forcing, in order to obtain
an IGW equation forced by the balanced flow. First, out of the Eq. (4.34) we form
equations for the horizontal divergence and vertical vorticity of the flow, respectively
δ = ux and ζ = vx :
∂tδ + (U∂x + u∇) δ + δ
2 + wx uz − fζ + φxx = Fx , (4.53)
∂tζ + (U∂x + u∇) ζ + ζδ + wxvz + fδ = Gx . (4.54)
Now, the method consists in splitting the flow variables into the balanced part b and
the unbalanced part ub, inside of the Eqs.(4.53), (4.54) and (4.35). In each of these
three equations, it is then possible to gather the terms only involving the balanced
flow in A, the terms linearly depending on the unbalanced flow in L, and the terms
nonlinear in the unbalanced flow in Q. This gives a system of three equations of the
form
A+L+Q = (Fx,Gx, H˙) . (4.55)
By the use of the following scaling arguments, we can organize all the terms appearing
in A, L and Q by order of magnitude. In our problem, the background wind U is of
order ΛH and the meridonal response vb is of order
7 ΛH/10. In particular, because
of the two-dimensionality, ub ∼ Ro vb. For the unbalanced flow we assume that uub ∼
vub ∼ α vb, where α is a small parameter8. The components u and w are linked by the
balanced and unbalanced continuity equations. And the geopotential perturbation is
scaled as fv. The time scale associated to the balanced flow is L/(ΛH) whereas the
unbalanced flow is assumed to change at the inertial frequency f . Finally, observations
lead us to consider horizontal and vertical scales equal for the balanced and unbalanced
flows. Using these scaling hypotheses, we approximate the Eq. (4.55) by keeping only
the first order term of each component,
L1,δ ≈ −A1,δ + Fx (4.56)
L1,ζ ≈ −A1,ζ + Gx (4.57)
L1,θ ≈ −A1,θ + H˙ (4.58)
where
L1,δ = (∂t + U∂x) δub − fζub + φubxx ∼ 1 (4.59)
L1,ζ = (∂t + U∂x) ζub + fδub ∼ 1 (4.60)
L1,θ = (∂t + U∂x) θub + θ0zwub ∼ 1 (4.61)
A1,δ = −fζb + φbxx ∼
1
α
(4.62)
A1,ζ = (∂t + U∂x) ζb + fδb ∼ Ro
α
(4.63)
A1,θ = (∂t + U∂x) θb +Θyvb + θ0zwb ∼ Ro
α
. (4.64)
7This scaling for vb is based on observation of the linear experiments P1 and P3, in which the
background wind largely dominates the flow response.
8Observations in P3 give α ∼ Ro4.
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Note that in the previous equations, the order of magnitude after nondimensionali-
zation is indicated at the right. The hydrostatic IGW equation is then formed by
calculating D∂z(4.56) + f∂z(4.57) − gθ0 ∂xx(4.58), where D = (∂t + U∂x), and using
hydrostasy and continuity. Keeping only the first order terms in the left hand, it yields
[D2 + f 2] (
1
ρ0
(ρ0wub)z)z +N
2 wubxx ≈ SIGW , (4.65)
SIGW = D∂z(A1,δ − Fx) + f∂z(A1,ζ − Gx)− g
θ0
∂xx(A1,θ − H˙). (4.66)
Since the balanced flow was computed using the linear semi-geostrophic Eqs. (4.44)
(Appendix D), we can use them again to simplify the Eq. (4.66). We obtain
A1,δ = 0 , A1,ζ = Gx , and A1,θ = Λθ0
g
(Λwb −F). (4.67)
This yields
SIGW = −Λ2 wbxx −DFxz + ΛFxx +
g
θ0
∂xxH˙ . (4.68)
Note that the largest contribution of the terms neglected in SIGW is D∂z(wbxubz). This
term is of order Ro/10 smaller than −Λ2wbxx , that is about 4% of the first order forcing
by the balanced flow (since Ro=0.4 in this whole study). Finally, the heating rate H˙
is null in experiments P, and neglectable in experiments M.
F. Numerical scheme
The problem is considered to be horizontally periodic, and the numerical scheme
is spectral on the horizontal, with 512 harmonics. On the vertical, we use a second
order finite difference scheme. We use a horizontal domain of length 2LD, with two
lateral Rayleigh damping sponge layers of thickness Ls. A rigid and free slip boundary
condition is applied at the top (ztop = 40km) and at the surface, and an upper sponge
layer with Rayleigh damping is introduced from z = 20km to ztop. To save some CPU
time we use a vertical grid with variable mesh size, stretched far from the area where
the model must resolve precisely the dynamics, that is near critical levels. The mesh
size is ∆z = 25m around the level z∗ and over a layer 5km deap. Outside of this layer
and symmetrically, it increases smoothly over a depth of 2.5km to reach ∆z = 200m,
constant for the rest of the domain.
The dynamical core consists in computing and adding the tendencies of the ho-
rizontal vorticity R, of the meridional velocity v and of the potential temperature θ,
through a leap-frog temporal scheme with Asselin filter. The tendencies are separated
between linear and nonlinear contributions, which allows to switch off the nonlinear
terms. At each time step, the streamfunction ψ is computed by inverting the vorti-
city R. The zonal and vertical velocities u and w are computed from ψ only at each
storage, and also to compute the energy budget by trapezo¨ıdal integrals. The model
solution converges for a time step of 5 to 10 seconds, that is about one hundredth of
the buoyancy period.
The diffusive terms are computed implicitely in the vertical, by inversion of a
laplacian by gaussian elimination, and explicitly in the horizontal. The diffusivities µ
and κ are constant, and the Prandtl number is always set to 1 (µ = κ).
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Chapitre 5
Conclusion
Dans cette the`se, nous avons tente´ de de´crire et mesurer l’impact des Ondes de
Gravite´ (OG) de montagne sur l’e´coulement de grande e´chelle en pre´sence de niveaux
critiques. Cette e´tude s’incrit dans le cadre de la recherche pour une meilleure pa-
rame´trisation des effets des OG courtes, qui sont actuellement non re´solues par les
mode`les de circulation ge´ne´rale et de pre´vision du temps. En particulier, notre atten-
tion a porte´ sur la description qualitative et quantitative des contributions e´quilibre´e
et non e´quilibre´e de l’e´coulement. Nous avons privile´gie´ une approche conceptuelle,
base´e sur l’ide´e que l’interaction entre les ondes courtes et les grandes e´chelles peut
eˆtre de´crite par la production et l’e´volution d’anomalies de Vorticite´ Potentielle (VP).
Toutes nos e´tudes ont e´te´ re´alise´es dans le cadre du proble`me ide´alise´ de Eady. Cela
nous a permis de de´gager des re´sultats ge´ne´raux, sur la base de me´canismes simplifie´s
lie´s a` la dynamique de la VP dans un environnement atmosphe´rique barocline. En
particulier, nous avons interpre´te´ l’effet sur la cycloge´ne`se a` ces diffe´rentes e´chelles,
mais aussi analyse´ comment les montagnes peuvent participer de fac¸on indirecte a` la
production d’Ondes d’Inertie-Gravite´ (OIG) relativement longues. Nous avons aussi
toujours pris soin de garder un lien quantitatif avec la re´alite´ de la me´te´orologie de
montagne.
Nous avons ainsi pu e´tudier d’abord (chapitre 2), l’effet de la force des OG sur les
e´chelles synoptiques e´quilibre´es, dans un cadre semi-ge´ostrophique line´aire. Pour cela,
nous avons d’abord e´value´ la force exerce´e par les e´chelles sous-maille de l’orographie,
dans le cas d’un front advecte´ sur un massif montagneux isole´, c’est-a`-dire en pre´sence
de niveaux critiques directionnels. Puis nous avons introduit cette force parame´trise´e
dans le proble`me de Eady tri-dimensionnel (3D) classique. Prolongeant la de´marche
de Smith (1984) pour l’e´tude de la cycloge´ne`se de montagne, nous avons alors e´tudie´
l’impact de la VP cre´e´e par la force en termes d’ondes de Eady de surface. Or la force
cre´e par les niveaux critiques directionnels a la particularite´ d’eˆtre perpendiculaire au
vent, ce qui donne lieu a` un flux de VP paralle`le au vent. Le dipole de VP ainsi cre´e´
est advecte´ par le front, ce qui donne lieu a` deux bannie`res de VP superpose´es et
le´ge`rement de´cale´es. Cette structure de VP particulie`re se traduit a` court terme et en
surface, dans le cas du front froid, par une perturbation anticyclonique dans le sillage
direct de la montagne. Autrement dit, la force est cyclolytique dans le cas d’un front
froid. Le re´sultat est inverse´ dans le cas d’un front chaud. Nous avons ensuite applique´
cette parame´trisation au cas du massif Alpin, et trouve´ une influence d’amplitude
faible mais significative, en dec¸a` du millibar.
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Puis nous avons aborde´ les effets a` des e´chelles interme´diaires (chapitres 3 et 4),
dont la dynamique est plus complexe qu’aux e´chelles synoptiques, et ce a` l’aide de
simulations aux e´quations primitives bi-dimensionnelles (2D). De fac¸on ge´ne´rale, cela
nous a permis de caracte´riser et quantifier la partie non-e´quilibre´e des ondes de Eady
de surface pour de telles e´chelles, ainsi que les OIG ge´ne´re´es dans ce proble`me.
En particulier, parmi les modes instables normaux du proble`me de Eady non-
ge´ostrophique, nous avons e´tudie´ la structure de ceux qui couplent une onde de Eady
de surface avec une OIG (chapitre 3). Ce fut l’occasion d’analyser leur me´canisme de
croissance ainsi que celui de leur saturation non-line´aire. Les deux me´canismes sont
lie´s essentiellement a` la structure de l’e´coulement pre`s du niveau critique inertiel. C’est
en effet au voisinage de cette singularite´ que les modes instables extraient leur e´nergie
de l’e´coulement de base. Mais c’est aussi dans cette zone qu’ils perdent ensuite leur
e´nergie lorsqu’ils deviennent non-line´aires, via des instabilite´s de petite e´chelle et un
couplage re´tro-actif de´stabilisant avec l’e´coulement moyen. Cette e´tude a donne´ une
limite supe´rieure au temps de vie de la couche inertielle cisaille´e (largement sur-estime´e
a` cause de la bidimensionnalite´ impose´e a` l’e´coulement), ainsi qu’a` son amplitude avant
rupture. Elle a aussi permit de mettre en e´vidence la ge´ne´ration d’OIG courtes ge´ne´re´es
lors de cette rupture.
Ensuite, nous avons e´tudie´ dans ce meˆme mode`le de Eady, la re´ponse polychroma-
tique force´e par une force parame´trise´e ou directement par une orographie de petite
e´chelle (chapitre 4).
Dans ce contexte 2D, la force des OG de montagne est paralle`le au vent, contrai-
rement au cas 3D des niveaux critiques directionnels (chapitre 2). En termes de cy-
cloge´ne`se de montagne, nous avons trouve´ que dans le cas ou` cette force est suffisam-
ment faible pour que la re´ponse soit line´aire, et suffisamment basse pour que la VP
excite ensuite des ondes de Eady a` la surface, l’influence des OGs de montagne a toutes
les chances d’eˆtre cyclolytique. L’amplitude de la perturbation reste faible cependant,
comparable ou infe´rieure a` celles obtenues dans le chapitre 2. Cependant, la re´ponse
contient aussi des OIG, que l’on attribue a` trois me´canismes de ge´ne´ration certes
physiquement relie´s mais conceptuellement distincts. Le premier, relativement connu,
consiste en la ge´ne´ration par la force variable dans le temps, d’une OIG localise´e au voi-
sinage de cette force. Le deuxie`me me´canisme est lie´ a` l’existence des modes instables
non-ge´ostrophiques e´tudie´s dans le chapitre 3, et donne lieu a` une OIG de meˆme e´chelle
que l’onde de Eady de surface, et qui lui est couple´e. Le troisie`me me´canisme est plus
spe´cifiquement lie´ a` la structure du dipole de VP, qui graˆce a` l’existence d’e´chelles sous-
synoptiques dans l’e´coulement e´quilibre´, ge´ne`re spontane´ment des OIG de plus petite
e´chelle horizontale que pre´ce´demment. Cette e´mission spontanne´e se fait au dessus et
en dessous du dipole de VP, sous la forme de trains d’OIG qui peuvent s’e´loigner de la
VP. En amplitude, elle domine largement l’OIG associe´e au mode non-ge´ostrophique
dominant. Par conse´quent, en terme de cycloge´ne`se la re´ponse en surface peut eˆtre
modifie´e par l’existence d’un paquet d’OIG infe´rieur de ce type.
Nous avons ensuite mesure´ le niveau de saturation nonline´aire de l’atmosphe`re vis-
a`-vis d’une force donne´e (parame´trise´e ou non) de taille sous-synoptique. De meˆme
que dans l’e´tude des modes non-ge´ostrophiques purs (chapitre 3), nous avons observe´
que l’instabilite´ de la couche critique se traduit par la ge´ne´ration d’OIG courtes, qui
amplifient d’autant plus la part des OIG dans la re´ponse totale. Ne´anmoins, les am-
plitudes obtenues pour les OIG restent plus faibles que dans le cas monochromatique
(chapitre 3), car dans ce cas polychromatique la couche critique a une structure moins
singulie`re (la superposition des nombres d’onde lisse la singularite´), et elle est rapide-
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ment perturbe´e par l’oscillation inertielle.
Enfin, dans le cas non parame´trise´, ces simulations ont permis de quantifier l’in-
tensite´ de la force exerce´e par le profil orographique ide´alise´ choisi, ainsi que le niveau
de saturation nonline´aire de la dynamique au niveau critique. Ces re´sultats 2D ap-
pellent d’ailleurs un e´largissement au cas de spectres orographiques 3D plus fournis,
voire ajuste´s sur des spectres re´els, dans un vent de base lui aussi 3D, comme dans le
chapitre 2.
Ces e´tudes quantitatives me´riteraient d’eˆtre e´largies dans le cadre des e´quations
primitives 3D, pour plusieurs raisons. Nous avons vu en effet que les e´quations pri-
mitives nous apportaient la description pre´cieuse de la dynamique non ge´ostrophique,
en particulier des ondes d’inertie-gravite´, ainsi que la mesure de la limite nonline´aire
des phe´nome`nes e´tudie´s et leurs me´canismes de saturation. Cependant, nous avons
aussi remarque´ que la possibilite´ d’une dynamique 3D doit certainement modifier les
re´sultats obtenus en 2D, concernant les niveaux de saturation, les amplitudes des OIG
e´mises, ainsi que celles des forces exerce´es. Nous avons vu aussi que l’existence d’un
vent de base tournant donne lieu a` une distribution plus lisse et plus re´aliste du de´poˆt
de quantite´ de mouvement par les OG si la montagne est elle-meˆme 3D, ainsi qu’une
dynamique des ondes de Eady de surface particulie`re lie´e au comportement de la VP
dans ce contexte. Il serait donc naturel de rassembler ces diffe´rents aspects dans le cadre
d’une e´tude plus ge´ne´rale, qui serait cependant toujours axe´e sur la question de la pa-
rame´trisation des niveaux critiques. C’est dans ce but que j’ai commence´ a` me familia-
riser avec le mode`le me´so-e´chelles WRF de´veloppe´ par le NCAR. Ce mode`le performant
est de plus en plus utilise´ par une large communaute´ pour des questions fondamen-
tales ou applique´es. En prenant exemple sur le travail re´alise´ par Chen et al. (2007)
pour repre´senter l’effet des ondes de montagne courtes transitoires sur les grandes
e´chelles, on pourrait de´velopper une mesure syste´matique des phe´nome`nes sous-maille
a` parame´triser a` l’aide de simulations me´so-e´chelles, puis re´introduire les contraintes
mesure´es sous forme de parame´trisations “parfaites”. Remarquons qu’un autre inte´reˆt
de WRF est la possibilite´ d’e´tudier des cas re´els. C’est e´videmment un point essentiel
dans le cadre de la recherche d’une meilleure parame´trisation. Par exemple, Doyle et
Jiang (2006) ont mis en e´vidence, dans les observations issues de la campagne MAP
pour le 13 Novembre 1999, un cas de de´ferlement d’OGs de montagne dans un vent
cisaille´ tournant. Plus re´cemment, Eckermann et al (2007) ont mis en e´vidence un cas
similaire sur la Scandinavie en 2003. Bien que j’aie commence´ a` me servir de WRF
pour mes enseignements, je n’ai malheureusement pas encore eu le temps de mettre
en place ces expe´riences.
L’un des inte´reˆts de cette approche plutoˆt conceptuelle et me´caniste, reposant sur la
dynamique de la VP, est qu’elle est probablement transposable a` d’autres phe´nome`nes
sources de VP dans des e´coulements atmosphe´riques cisaille´s. En particulier, pour res-
ter dans le cadre de la me´te´orologie de montagne, les OG de montagne qui de´ferlent
par nonline´arite´ propre (en l’absence de niveaux critiques) influent aussi sur la dyna-
mique de grande e´chelle au sol, et repre´sentent aussi certainement une source secon-
daire d’OIG. D’autre part, la production de VP par le chauffage diabatique associe´
aux pre´cipitations orographiques me´riterait aussi d’eˆtre aborde´e, les effets e´tant certai-
nement assez diffe´rents et quantitativement non ne´gligeables. Mais avant d’appliquer
cette approche a` ces autres proble`mes, notons que les e´tudes re´alise´es ici demandent a`
eˆtre approfondies et comple´te´es pour re´pondre en particulier a` deux questions qui se
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sont impose´es dans ces travaux.
D’une part, nous avons vu que pour mieux comprendre l’effet d’un dipole de vor-
ticite´ potentielle en terme de cycloge´ne`se (de montagne), il serait utile de se placer
dans le cadre de la recherche de modes optimaux et non normaux, et de discerner et
quantifier les me´canismes de croissance qui entrent en jeu. Cela a e´te´ fait re´cemment
dans le cadre du mode`le de Eady quasi-ge´ostrophique line´aire 2D par De Vries et
Opsteegh (2005, 2007). Cette approche pourrait au moins eˆtre e´tendue au cadre semi-
ge´ostrophique line´aire 3D du chapitre 2, en s’attachant a` construire des modes opti-
maux pertinents par rapport au proble`me des OG de montagne en pre´sence de niveaux
critiques directionnels. Plus ge´ne´ralement, les concepts de´veloppe´s dans ce cadre tre`s
simplifie´ pourraient certainement eˆtre transposables dans le cadre des simulations aux
e´quations primitives, au moins pour la partie e´quilibre´e de l’e´coulement. Notamment,
les concepts de re´sonance entre une anomalies de VP et un mode de surface, et de
”de´marquage” d’anomalies de VP1 (ou me´canisme de Orr ge´ne´ralise´), semblent eˆtre
tout a` fait pertinents pour raffiner notre e´tude.
D’autre part, le me´canisme de ge´ne´ration spontane´e d’OIG par un dipole de VP,
propose´ au chapitre 4 (section 2.3.2), me´riterait d’eˆtre explore´ de fac¸on approfondie.
Ceci pourrait d’abord se faire a` l’aide d’un mode`le line´aire simple de propagation des
ondes d’inertie-gravite´, force´ par un dipole de VP dont on pourrait prescrire libre-
ment la configuration spatiale. Cela permettrait notamment d’identifier les termes de
forc¸ages dominants selon les configurations choisies. Puis on pourrait comple´ter cela en
introduisant l’effet de l’e´coulement de base sur la propagation des ondes. Cela permet-
trait de quantifier de fac¸on ge´ne´rale l’amplitude des ondes attendues de ce me´canisme,
et ainsi en de´duire quelle configuration de me´te´orologie de montagne est susceptible
d’en e´mettre le plus. Enfin, et comme indique´ en conclusion au chapitre 4, d’autres
expe´riences de sensibilite´ peuvent eˆtre re´alise´es l’aide du mode`le 2D aux e´quations
primitives utilise´ dans cette the`se. Notamment, les premiers re´sultats indiquent que
le phe´nome`ne est relativement sensible a` l’amplitude du cisaillement, ainsi qu’a` la
position et a` la direction de la force par rapport au vent de base cisaille´.
1Proposition de traduction pour l’expression “PV unshielding”.
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